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A BIOMETRICS INVITED PAPER WITH DISCUSSION
The Natural Variability of Vital Rates and Associated Statistics

David R. Brillinger
Statistics Department, University of California, Berkeley, California 94720, U.S.A.

SUMMARY

The first concern of this work is the development of approximations to the distributions of crude
mortality rates, age-specific mortality rates, age-standardized rates, standardized mortality ratios, and
the like for the case of a closed population or period study. It is found that assuming Poisson
birthtimes and independent lifetimes implies that the number of deaths and the corresponding
midyear population have a bivariate Poisson distribution. The Lexis diagram is seen to make direct
use of the result. It is suggested that in a variety of cases, it will be satisfactory to approximate the
distribution of the number of deaths given the population size, by a Poisson with mean proportional
to the population size. It is further suggested that situations in which explanatory variables are present
may be modelled via a doubly stochastic Poisson distribution for the number of deaths, with mean
proportional to the population size and an exponential function of a linear combination of the
explanatories. Such a model is fit to mortality data for Canadian females classified by age and year.
A dynamic variant of the model is further fit to the time series of total female deaths alone by year.
The models with extra-Poisson variation are found to lead to substantially improved fits.

1. Introduction

Vital statistics are data on the fundamental events of human lives—events such as birth,
death, marriage, and the like. They usually take the form of counts or rates and are often
collected via censuses and legally required registrations. They are used for summarization,
comparison, forecasting, detection of change, hypothesis generation, surveillance, and
studying public health generally.

A continuing presence is a wish to make comparisons—comparisons between regions,
(comparisons between) time periods, (comparisons between) social groups, and so on. Now,
in many circumstances the data are virtually complete so that it is a fact that death rates
differ for two counties or two years or two races. What is more likely of concern then is:
do two death rates differ by more than some level of natural fluctuations? The purpose of
this study is the stochastic conceptualization and formalization of the natural variability of
vital statistics to support their use in comparisons and other analyses. The particular cases
of mortality and of groups specifically delineated in age and time will be emphasized;
however, results for a broad variety of other cases should be apparent.

Quite a number of distinct vital statistics are in common use. These include counts,
rates, and ratios, the emphasis being on the latter two.

Counts. One sets down the total number of deaths in a given time period for a population
of interest, perhaps separately by age, region, or cause. Figure 1, middle, gives this data for
the population of all Canadian females annually for the time period 1926-1982. Figure 2
gives the counts of deaths, again for Canadian females, but now for the years 1950-1972

Keywords: Age-adjusted death rate; Dynamic model; Extra-Poisson variation; Point process; Poisson
regression; Standardized mortality ratio; Uncertainty estimation; Vital statistics; Weights.
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Figure 1. The top graph provides the estimated 1 June number of

females in Canada for 1926-1982. The middle graph provides the

year’s total number of female deaths for the same time period. The
bottom graph is the ratio of the previous two, the crude death rate.

and separately by age. The radii of the circles plotted here are proportional to the
corresponding numbers of deaths. An issue that typically arises in mortality studies is
whether the population whose deaths have been recorded is closed or open. In the latter
case the group membership changes continually because of emigration, immigration, and
the like. In the former, changes arise solely from births, deaths, and birthdays. The theorems
of the paper are for closed populations. The data sets are for open populations.

Rates. Rates are relative frequencies. For example, the crude death rate is the number of
deaths in a population of interest during a specified time period, divided by the number of
person-years lived by the population during the time period. A complication that arises
often is that person-years lived has to be estimated. In the case of annual rates, an estimate
of the midyear population is often used. [This procedure “is (largely?) confined to English-
speaking countries,” remarks a referee.] Figure 1 gives the Canadian 1 June population
estimate for all females for the period 1926-1982 and also the corresponding crude death
rate. The three graphs of Figure 1 display rising numbers of deaths and population members,
but a falling death rate. (The kink in the population series in 1949 resulted in part from



Natural Variability of Vital Rates 695

DEATH COUNTS
1945 1950 1955 1960 1965 1970 1975
I T I T T

o g..g...g.g.g.g.gg.;.g@ooo QOO0

oz
T

obe
oY
I

09

e KAX AR x
o;':o;ozv,o:vpzvzoz.ozvzo:&o'&Mq. o":ommo )

ALY L
.IO )

B o ZaVZaN 7\ 7 \" )V D88
oo '0}9:0"0}'.‘" }. 4.\ 2NN AQ
NEVRIRIRIRIAVAVAVIS Wi s S e N\i\'ﬁ

cxoonoXXOIOIOIOi‘:l B4 wu

XX

Figure 2. A circle diagram to represent the counts of females dying annually from

1950 to 1972 separated into 19 age groups (age intervals: 0-1, 1-4, 5-9, 10-14, ...,

80-84, 85+). The radius of the circle plotted is proportional to the corresponding
count (and thus an estimate of the count’s variance in the Poisson case).

Newfoundland’s entering Confederation. That naive use of the 1 June figure can lead to
biased results, should be noted.) In the case that a death rate is given for a specified age
group, it is referred to as an age-specific mortality rate. These rates are important because
mortality experience usually varies substantially with age and a crude rate may not display
important phenomena. Figure 3 gives the age-specific death rate for the Canadian females
for the period 1950-1972; again the radii are proportional to the variate of concern. It
evidences interesting trends in mortality. Age-adjusted rates are an attempt to provide
single rates that allow direct comparison of populations with differing age compositions.
They are weighted combinations of age-specific rates. (For example, the weights may
correspond to the composition of some standard population.)

Ratios. The standardized mortality ratio (SMR) may be mentioned. It is the ratio of
observed total deaths to “expected” deaths using the rates of some standard population and
the given person-years lived. It is often used in making comparisons. A useful survey of the
SMR is given in Breslow and Day (1985).

The purpose in setting down the above material has been to bring out the basic quantities
involved in constructing vital statistics—counts and estimates of population size. These are
the quantities whose variability will be fundamental. Discussion of vital statistics generally
and details concerning particular cases may be found in Chiang (1961), Keyfitz (1966),
Benjamin (1968), Fleiss (1981), Benjamin and Pollard (1980), Inskip, Beral, and Fraser
(1983), and Hoem (1976, 1978, 1984a), for example.

The structure of this paper is the following. Section 2 sets the scene and presents some
variability measures in common use; Section 3 sets down a conceptual model for the
biological process of concern and shows how the Lexis diagram and the methodology of
point processes may be used. Section 4 presents specific formulas for a number of cases of
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Figure 3. A circle diagram of the age-specific death rates similar to Figure 2.

interest; the following section discusses the results obtained and describes a simplifying
approximation. Section 6 turns to the (regression) case where measurements of explanatory
variables are available and indicates a model fitting procedure. Section 7 makes use of that
fitting procedure for the two Canadian data sets mentioned above. The final section draws
some conclusions and indicates some problems for further study.

2. Some Background

Discussion will focus on the case of an age-specific death rate for a given year. Let D,
denote the number of deaths in the year for the age group x to x + K, say, and let P,
denote the midyear population for that age group. Then the age x death rate is (usually
taken to be)

M, = D,/P.. (2.1)

(In practice, P, has to be estimated, but D, may be obtained from official records. For the
moment, however, P, will be assumed available.)

In statistical studies, D, is often assumed to be distributed as a binomial variate with
parameter n = P, and its variance is estimated by D,(1 — M,). [See, for example, Pollard
(1970), Daw (1974), Mosteller and Tukey (1977, §11C).] Conceptually, however, this
assumption has to be viewed as an approximation for our case of a closed population (as
opposed to a cohort of individuals). Here some individuals enter the population during the
year, when they reach age x, others leave during the year, when they reach age x + K + 1.
The exposures of the individuals are not all the same and the realizations of the individual
life histories are not identically distributed, as is required for the binomial. Further, P, is
not the number of individuals in the study; rather, it is an estimate of the average number
alive aged x to x + K during the year.





















































































































