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1 hate getting all these Canadian coins, but I
guess that's the price of kiving in Toronto.”
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1. Introduction.
Science studies relationships

Regression analysis studies relations between vari-
ables Y and X

Question: what is the strength of a particular rela-
tionship?

One answer: the coefficient of determination

Another answer: the coefficient of mutual informa-
tion



2. Classical regression.
Coefficient of determination

,o)%Y = corr{X,Y X, Y real—valued

Symmetric and invariant for:
1) independence

2) explained variation

3) linear dependence

4) uncertainty of estimates

One wishes for more!




3. Mutual information.
Discrete variates.

PrOb{X —_] Yk k}__p]k

Continuous variates.

Given x; € §;, y; € Ag and |8 [, [A] small,
Prob{X € §;,Y € Ay} = p(x;,y,) |8 | |A]

leading to

)1 px,y) dxdy. 0
[[ p(x.y) ong(x)py(y) xdy, p#



Prediction - lower bound
1
E{Y — g(X)/}? Zz—m—e—expﬂ(lyy — Iyy))

Incorrect model - upper bound

[[p(x.y)log pix.y) dxdy = [[p(x,y)log 9Y) ey

Px(xX)py(y) gx(x)qy(y)
gy | x(Y | X)
> FE |1
xv | ° g

E.g. take g to be bivariate normal




Properties of Iyy.
1) Non-negative, Iyy = 0

2) Invariant, Iyy = Iy, if 1-1 transformations

3) Measures strength of dependence
1) Iyy = 0<=> X indep Y
i) Iyy = 0 if ¥ = g(X)
i) Iy, < Iyyif Xindep Z|Y X -Y-Z

4) Bivariate normal, Iyy = .5*log(1 — P)%Y)




Disadvantage - IM is "just" a number

Uses.
Questions - change? trend? serial correlation?
dimension? model fit? ...

Estimation -
lag
image registration
selection of variables
model selection
association



Parametric estimation. Data (x;,y;, i=1,...,n)

Model p(x,y|6), with X and Y independent when
0 =0
p(x,y |0) = px(x)py(y)
Test of independence of X and Y
?XY = — log(likelihood ratio)/n
(n sample size)
Approximate null distribution, when (X;,Y;)
independent
x2/2n, v=dim(0)

[[p(x,y) log p(x,y)dxdy — [[p(x)p(y) log p(x)p(y) dxdy




Non-parametric estimation.

p(x,y) estimate of p(x,y), e.g. histogram or
kernel-based

A A ﬁ(u',Vk)
Iyy £ 3 p(uj,v) log ——=
J.k Px(u))py(ve)

Approx null distribution

x2/2n, v=>{J-1)*K-1)
Non-null

fXY — Iyy in prob, etc.

(Entropy - Bilmes, Fernandes, Hall & Morton, Joe, Kozachenko & Leo-

venko, Parzen, Robinson)



The point process case. Isolated points

Univariate. points {t; }, counts N(t) = #{t.<t},

intervals {Y; = 7;,.,—7/, history Hy = B(1;5t)

conditional intensity
Prob {dN(t) = 1| Hy} = uy(t)dt
likelihood

T
HkMN(Tk)eXP{‘fHN(Z)df}
0

entropy

T T
E {[log uy(t) dN(t) — [uy(t)dt}
N o 0




Bivariate. M(t) = #{o;st}, N(t) = #{1;<t}

history Hyy = B(0;, T, <t)

Prob (dM(t) = 1| Hipy ) = 1y (£)dt, Prob{dN(t) = 1| Hlpy ) = vy (t)ds
entropy

T T T T
E {[log vy(£)aM(t) + [log yy()dN(t) = [yp(t)dt — [yn(2)dr}
M.N g 0 0 0

mutual information

T yu(@)yn()

E {[log

T ST O









































































