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Abstract: This paper presents a number of data analysesmaking useof the
conceptof mutual information. Statistical usesof mutual information are
seento include: comparative studies,variable selection,estimation of pa
rametersand assessment of model �t. The examplesare taken from the
�elds of sports, neuroscience,and forest science.There is an Appendix
providing proofs.
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1 INTR ODUCTION

\... . This showsthat the notion of information, which is more
closelyrelated to the mutual information in communications the-
ory than to the entropy, wil l play the most fundamental role in
the future developmentsof statistical theories and techniques."
Akaike (1972)

This paper is a study of the usefulnessof the coe�cien t of mutual information
in statistical data analysis. The paper examinesthe utilit y in practice of
estimates.

Mutual information (MI) is a measureof statistical dependence. The
conceptwas introducedby Shannon(1948). Sincethen there has beensub-
stantial theoretical and practical development of the concept. For example
MI hasbeenproposedasa criterion on which to basea test of independence,
Fernandes(2000) and asa quantit y to maximize in order to estimate lag, Li
(1990), Granger and Lin (1994) and in the spatial caseto register images,
Viola (1995). In particular in the bivariate caseMI is the Kulback-Liebler
distance betweena joint distribution and the product of its marginals, see
Joe (1989a,b),Cover and Thomas(1991)and the referencestherein. Depen-
denceand association analysisare basicto statistics and science.In particu-
lar regressionanalysisand canonicalcorrelation analysismay be mentioned.



Someother questionsto which MI would seemable to usefully contribute
are: change? trend? serial correlation? dimension? model �t? variable
selection?,model?, e�ciency?, strength of association?

Re the last, the correlation coe�cien t is a long-standingmeasureof the
strength of statistical dependence;however MI hasadvantagesover it. These
include that the variates involved do not have to be euclidian and that MI
measuresmore than linear dependence.

Thereseemsto havebeensubstantial practical investigationof the related
conceptof entropy, including the introduction of somenovel estimators. Pa-
persconcernedwith the propertiesand estimation of entropy include: Miller
(1955), Parzen (1983), Moddemeijer (1989, 1999, 2000), Hall and Morton
(1993), Robinson(1991).

The paper beginswith a brief discussionof the coe�cien t of determina-
tion, � 2, to contrast its propertieswith the coe�cien t of mutual information.
Three empirical analysesare presented. There is discussionand then some
formal development in an Appendix. This paper focuseson the caseof in-
dependent identically distributed variates. It further concernsdistributions
described by a �nite dimensionalparameter.

2 CORRELA TION ANAL YSIS

Sciencestudies relationships generally, while regressionanalysisstudies the
dependenceof a variate Y with X . One can ask the question: what is the
strength of a particular relationship? A common answer is the following:
given the bivariate random variable (X ; Y) employ the coe�cien t of deter-
mination,

� 2
X Y = corr f X ; Yg2 (1)

This measureis is symmetric and invariant and useful for studying: 1) im-
plications of statistical independence,2) explainedvariation, 3) strength of
linear dependence,and 4) uncertainty of estimates.

For real-valued variates, X and Y, � 2
X Y has long beenestimatedby

r 2 = [
X

(x i � �x)(yi � �y)]2 =
X

(x i � �x)2
X

(yi � �y)2

There appears to be no such natural estimate for mutual information al-
though several will be proposed.



3 MUTUAL INF ORMA TION

3.1 De�nition and prop erties

For the bivariate r.v. (X ; Y) with pdf or pmf p(x; y) the MI is de�ned as

I X Y = Ef log
p(X ; Y)

pX (X )pY (Y)
g (2)

The units of MI are sometimesreferredto as nats.
In the caseof a bivariate discretedistribution with pmf

Probf X j = j; Yk = kg = pj k ; j = 1; :::; J ; k = 1; :::;K

expression(2) becomes

I X Y =
X

j;k

pj k log
pj k

pj + p+ k

where pj + = Probf X = j g and p+ k = Probf Y = kg and the sum is over
pj k 6= 0.

Considera hybrid discrete-continuousvariate with pj (y) given by

Probf X = j; Y � � g � pj (y)j� j

with � a small interval including y of length j� j. Then the MI is

I X Y =
X

j

Z
pj (y) log

pj (y)
pj + pY (y)

dy; pj (y) 6= 0 (3)

pj + and pY (:) being the marginals.
Properties of I X Y include:
1) Non-negativity, I X Y � 0
2) Invariance,I X Y = I UV if u = u(x) and v = v(y) are individually 1-1

measureabletransformations,
3) Measuringstrength of dependencein that,
i) I X Y = 0 i� X is independent of Y
ii) For the continuouscase,I X Y = 1 if Y = g(X )
iii) I X Z � I X Y if X independent of Z given Y
iv) For the bivariate normal, I X Y = :5 � log(1 � � 2

X Y )
v) There are ANOVA like decompositions



A conditional form

I X Y = Ef log
pY jX (Y)
pY (Y)

g

is sometimesemployed.
A useful inequality is,

Ef Y � g(X )g2 �
1

2� e
expf 2(I Y Y � I X Y )g (4)

whereg is measurableand I Y Y is the entropy of Y, Ef log pY (Y)g, seeCover
and, Thomas (1991) supplementary problems. An implication of (4) is that
the larger I X Y the smaller will be the lower bound for predicting Y via
a function g(X ) of X . It is thus useful for investigating the e�ciency of
proposedestimates.

Another basic result has the form,
Z Z

p(x; y) log
p(x; y)

pX (x)pY (y)
dxdy �

Z Z
p(x; y) log

q(x; y)
qX (x)qY (y)

dxdy (5)

for (X ; Y) continuousand q a generaldensity function. This follows directly
from Jensen'sInequality. The RHS of (5) is maximized by taking q = p.
For exampletaking q to be bivariate normal, gives,

I X Y � :5 � log(1 � � 2
X Y )

with � X Y = corr f X ; Yg. One can employ estimatesof each side of (5) to
study the e�ciency of a particular parametric model, q(x; yj� ).

Joe(1989a,b)proposesthe useof

1 � expf� 2I X Y g

as a � 2 or R2 like measure.

3.2 Estimation

In a study of model identi�cation Akaike (1972,1974)has shown that there
are important connectionsbetweenthe likelihood function and the Kullback-
Liebler \distance", from the true model to any model. Taking the K-L dis-
tance from the model of independent marginals leads to the coe�cien t of
mutual information, the K-L `distance" of p to q being

EU f log p(U)=q(U)g

whereU is a random variable with density or pmf p(u).



3.2.1 The parametric case

Consider a parametric model p(x; yj� ) where p is a pdf or a pmf or a hy-
brid depending on the circumstance. For the bivariate r.v. (X ; Y) suppose
realizations (x i ; yi ); i = 1; :::; n are available. Suppose that one wishesto
estimate the mutual information of X and Y,

I X Y (� ) = E

(

log
p(X ; Y j� )

pX (X j� ) pY (Y j� )

)

(6)

With �̂ an estimateof � , e.g. the mle, a natural estimateof the MI is

I X Y (�̂ ) (7)

This estimatehas in mind that the expectedvalue (6) can be well-evaluated
numerically for any given � .

3.2.2 Tw o particular examples

To beginconsidertwo particular cases.The �rst exampleinvolvesa bivariate
discretechancequantit y (X ; Y) with X taking on the values1; :::; J and Y
the values1; :::;K and

Probf X = j; Y = kg = pj k

Write the marginalsas pj + ; p+ k . The MI here is

I X Y (� ) =
X

j;k

pj k log
pj k

pj + p+ k
(8)

Represent the variate (X ; Y) by V = f Vj kg with Vj k = 1 if the result
(j; k) occursand Vj k = 0 otherwise. The probability massfunction is

1
Q

j;k vj k !

Y

j;k

pj k
vj k ; vj k = 0 or 1;

X

j;k

vj k = 1

Supposenext that therearen independent realizations,f vj kl ; l = 1; :::; ng,
of V . Suppose that � , the unknown parameter, is f pj kg. The maximum
likelihood estimates of the pj k are the p̂j k =

P
l vj kl=n and the plug-in

estimateof the MI is

I X Y (�̂ ) =
X

j;k

p̂j k log
p̂j k

p̂j + p̂+ k
(9)



Somestatistical properties will be consideredbelow.
Next considernow the likelihood ratio test statistic of the null hypothesis

of the independenceof X and Y, namely

G2 = 2n
X

j;k

p̂j k log
p̂j k

p̂j + p̂+ k
(10)

seeChristensen(1997). The quantit y G2 is seento be proportional to the
estimate(9). Further from classicalstatistical theory in the casethat X and
Y are independent the asymptotic null distribution of (10) is � 2

(J � 1)( K � 1).
One can concludethat the large sampledistribution of the estimate (9) is
� 2

(J � 1)( K � 1)=2n in the null caseof independence.
The non-null large sampledistribution is more complicated. It is normal

with mean(8) and variance

1
n

0

@
X

j;k

pj k [log
pj k

pj + p+ k
]2 � [

X

j k

pj k log
pj k

pj + p+ k
]2

1

A (11)

accordingto Moddemeijer(1989). One notes that expression(11) is 0 when
the variablesare independent, consistent with the � 2 expressionabove. The
non-null distribution arises in power computations. There are a number
of studies of power consideringPitman alternatives, seefor exampleMitra
(1958).

As a secondexampleconsider the vector Gaussiancase. Let � be the
covariance matrix of the column variate V = (X 0; Y 0)0 with X r -vector-
valued and Y s-vector-valued. The (di�eren tial) entropy is

Ef log pV (V)g =
1
2

log(j2� e� j) (12)

with j:j denoting the determinant, seeCover and Thomas (1991).
From (12) then the MI of X and Y is

I X Y (� ) = �
1
2

log(j� j=j� X X jj � Y Y j) (13)

having partitioned � as "
� X X � X Y

� Y X � Y Y

#



One can write
j� j=j� X X jj � Y Y j =

Y

i

(1 � � 2
i )

with the � i the canonicalcorrelationsand expresion(13) becomes

�
1
2

X

i

log(1 � � 2
i ) (14)

The absenceof much of the structure of � from (14) is to be noted. This
follows from the invarianceof I X Y (� ) under linear transformations of X and
Y indicated in Section3.1 above.

In what follows let the parameter � be �. When the experiment is re-
peatedn times the maximum likelihood estimateof � is

�̂ =
1
n

nX

i =1

(vi � �v)(vi � �v)0

and the plug-in estimate (13) becomes

Î X Y (� ) = �
1
2

log(j�̂ j=j�̂ X X jj �̂ Y Y j) (15)

whosestatistical properties will be consideredbelow.
For this Gaussiancase,considerthe log-likelihood ratio criterion for test-

ing the independenceof X and Y. It is

n
2

log j�̂ j=j�̂ X X jj �̂ Y Y j (16)

seeKendall and Stuart (1966), section42.12. From classicallikelihood ratio
test theory the largesamplenull distribution of (15) is � 2

r s. (It may be worth
noting that some`better" approximations have been proposed, ibid.) The
statistic (16) is proportional to the plug-in estimate (15).

Turning to the large sampledistribution in the non-null case,using (14)
the statistic (15) may be written

�
1
2

X

i

log(1 � �̂ 2
i )

with the �̂ i 's the samplecanonicalcorrelations. In the casethat they are dis-
tinct and non-zerothe � i 's are asymptically independent normal with means



� i and variances 1
n (1 � � 2

i )
2, seeHsu (1941). It follows that, in this case,

the estimate (15) is asymptotically normal with mean I X Y (� ) and variance
P

i � 2
i =n.

In summary, for thesetwo circumstancesthe plug-in estimate of the MI
is essentially the likelihood ratio statistic for testing independence. Distri-
butional results that are available for the latter are directly applicable.

3.2.3 Appro ximate distributions

There are somegeneralresults.
Supposethat a sampleof values(x i ; yi ); i = 1; :::; n is available. Let � 0

denotethe true parameter. Let �̂ denote the maximum likelihood estimate.
Write I 0 for I X Y (� 0) and @I 0=@� 0 for @I X Y (� )=@� 0 evaluated at � 0. Write JX Y

for the Fisher information of (X 0; Y 0)0 at � 0 and JX ; JY for that of X and Y
respectively.

Both the casesof independent and dependent X and Y are consideredin
the theorem. Assumptionsand derivations are provided in the Appendix.
Theorem 1. Supposethat Assumption A.2 holds.
a) In the casethat X and Y are dependent and that @I 0=@� is not 0, the
variate

p
n(I X Y (�̂ ) � I X Y (� 0)) is asymptotically normal with mean 0 and

covariancematrix
@I 0

@�

0

J � 1
X Y

@I 0

@�

b) In the caseof independence,nI X Y (�̂ ) is distributed asymptotically as

1
2

Z 0J � 1=2
X Y [JX Y � JX � JY ]J � 1=2

X Y Z (17)

wherethe entries of Z are independent standard normals.
The variate (17) will be 1

2 � 2
� whenJ � 1=2

X Y [JX Y � JX � JY ]J � 1=2
X Y is idempotent

with trace � .
In particular, the estimate, I X Y (�̂ ), is consistent in both casesa) and b).
A secondestimate of I X Y (� ) is provided by

1
n

X

i

log
�
p(x i ; yi j �̂ ) = pX (x i j �̂ ) pY (yi j �̂ )

�
(18)

with �̂ again the overall maximum likelihood estimate. No integral needsto
beevaluated in this case;however there aredi�culties in developingits prop-
erties analagousto those arising in the estimation of entropy, seeRobinson



(1991), Grangerand Li (1994), Hall and Morton (1993). Modi�ed estimates
of entropy are proposedin thosepapers.

As indicated by the discrete and multiv ariate normal examplesabove,
another type of estimate of I X Y is sometimesavailable. Supposethat the
parameter � has the form � = (�;  ) and that the marginal distributions
px (:); py(:) only involve � . Let �̂ � denote the mle of � under the null hy-
pothesisof independence.Considerthe estimate

1
n

X

i

log
�
p(x i ; yi j �̂ ) = pX (x i j �̂ � ) pY (yi j �̂ � )

�
(19)

with �̂ the full modelmle. Expression(19) is the classiclog(l ik elihoodratio)=n
test statistic for the hypothesisof independence.

Provided �̂ � ! � in probability generally, the statistic (19) will tend to
I X Y (� 0) in probability, i.e. (19) provides a consistent estimate of the MI.
However the distinction is that the distribution of �̂ � is to be considered
under the full distribution of (X ; Y), not just the null.

An advantagewhenthis situation obtains is that classicalmaximum like-
lihood theory indicatesan asymptotic null distribution of

� 2
� = 2n; � = dim( ) (20)

for (19).
Theorem 2. SupposeAssumption A.3 holds. Supposethat �̂ � converges

in probability to � . Then,
a) the quantit y (19) convergesto I X Y (� 0) in probability.
b) Supposethat X and Y areindependent, then the largesampledistribution
of (19) is (20).

The statistic (19) hasthe advantageof beingobtainabledirectly from the
output of various mle programs.

3.2.4 The non-parametric case

Various inferential results have beendeveloped for entropy. To mention one
classof estimatesstudied, consider p̂(x; y) an estimate of p(x; y), e.g. the
histogram or a kernel-basedone. Now onecan considerplug-in estimatesof
mutual information, namely,

Î X Y =
X

j;k

p̂(uj ; vk) log
p̂(uj ; vk)

p̂X (uj )p̂Y (vk)
; (21)



with (uj ; vk) a grid of nodes,or

Î X Y =
Z Z

k(x; y)p̂(x; y)log
p̂(x; y)

p̂X (x)p̂Y (y)
dxdy (22)

k being a kernel introduced to improve asymptotic properties. There are
di�culties for p̂ near 0.

A variety of authors have consideredproperties of this and related esti-
mates. Antos and Kontoyiannis (2000)show that while plug-in estimatesare
uniformly consistent, under mild conditions, the rate of convergencecan be
arbitrarily slow, even in the discrete case. Beirlant et al (2001) provide a
review of plug-in estimatesof entropy of the type: integral, resubstitution,
splitting data and cross-validation. Fernandes(2000) studiesMI-lik e statis-
tics for testing the assumptionof independencebetweenstochastic processes.
The seriesaremixing. Robinson(1991)consideredkernel-basedestimates,as
did Skaugand Tjostheim (1993). Joe(1989b)obtainedconsistencyresultsfor
the estimatesof type 1 and 2 above and obtained asymptotic mean-squared
error results. Hall and Morton (1993) studied properties of Joe's estimates
with emphasison tail behavior, distribution smoothnessand dimensional-
it y. Hong and White (2000)develop asymptotic distributions of estimatesof
Robinson (1991) and Granger and Li (1994). In a seriesof papers Modde-
meijer (1989,1999,2000)studiesvarious large sampleproperties of estimates
of entropy.

3.3 Bias and statistical uncertain t y

Oneneedsstatistical propertiesof estimatesin order to makestatistical infer-
ences.As indicated above in certain casesthe approximate null distribution
of Î X Y is chi-squared. In the caseof (9) it is

� 2
� = 2n; where � = (J � 1) � (K � 1)

For exampleapproximate p-valuesof the hypothesisof independencemay be
computed.

Both asymptotic developments and simulation experiments have shown
that bias can be a problem in the estimation of entropy. This could have
beenanticipated becauseof the nonlinearcharacterof mutual information as
a function of its parameters.Miller (1955)proposedan elementary correction



to (9). Wood�eld (1982) studies estimate basedon transforming marginals
to uniforms and �nds bias problemsin a simulation study.

Becauseof the messinessof the expressionsinvolved, nonparametric un-
certainty proceduresare often very helpful. Theseinclude the � -method of
propagationof error, the jackknife and the bootstrap. In particular the latter
two can both reducebias and provide estimatesof uncertainty.

4 EXAMPLES

The histogram estimate (9) is used throughout when the data form a con-
tingency table and the R/Splus function kde2d when X and Y are jointly
continuous. It is assumedthat the explanatory, X , is stochastic.

4.1 An example with two discrete variables

This is an exampleof the useof MI in a comparative study.
Soccer fanshave often discussedthe hometeam advantage and there are

controversies. To study an interesting aspect of this, consider the speci�c
question: in which country is the relationship strongestbetweenthe number
of goalsa team scoresand and the circumstancethat it is playing at home?

Lee(1997) usedPoissonregressionin a study of the English Premier Di-
vision speci�cally. He includesa home-away e�ect in the model. In contrast
this paper presents a study of countries, not teams.

Data for the world's Premier Leaguesof many countries are available at

sunsite.tut.�/rec/riku/so ccer2.html

The analysis that follows considersthe 2001-2002seasonand the coun-
tries: Argentina, Brazil, Canada, Chile, France, Germany, Italy, Portugal,
Spain, Uruguay. Thesecountries were studied becausethe examplewas de-
veloped for talks in Brazil.

The variates, X and Y, werede�ned as follows: Y = 0; 1; 2; 3; 4+ gives
the number of goalsa team scoredin an away gamewhile X = 1; 0 indicates
whether the team was playing at homeor away. The value 4+ represents 4
or more goalsscoredby a team.

The estimate (9) is employed and the formula for the independent iden-
tically distributed casehasbeenusedto obtain the upper 95%level.
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Figure 1: Estimated MI betweengoalsa team scoredin a gameand whether
the team wasplaying at homeor away. The heights of the grey bars provide
the approximate 95%of the null points. The Canadavalue is below the line
becauseit would have beenhidden by the grey shadingabove.



The resultsare given in Figure 1. One seesFrancestanding above all the
other countries with a strong homee�ect and Canadashowing noneto speak
of.. Onecolleaguesuggestedthat Francestood out becauseits stadiumswere
such that the fanswereparticularly closeto the �eld. In the caseof Canada,
its Premier Division is minor league.

The assumption of independencemay be problematic becauseoften a
suite of gamesis played on a given day and, for example,weatherconditions
may be in common.

4.2 A real-v alued time series example

This exampleinvolveschecking a real-valued stationary time seriesfor inde-
pendence.

The data studied are basedon a spike train of 951 �rings of the neuron
L10 of the seahare, Aplysia californica, when it was �ring spontaneously.
Supposing the times of the spike train to be f � kg Let f Zk = � k+1 � � kg
denotethe intervals betweenthe �rings.

When a neuron is �ring spontaneously many of the proposed models
imply that intervals are independent and identically distributed, i.e. the
point processis renewal. An estimate of the MI was computed to address
the question of whether the seriesof interspike intervals may be viewed as
white noise.

SupposingX i = Z i and Yi = Z i + h the MI is estimatedasa function of
lag h. The results are shown in Figure 2.

The 99% critical level is estimated by repeating the MI estimation for
random permutations of the intervals. It is the dashedline in the second
panel.

The �gures provide evidenceagainstthe assumptionof a renewal process.
Speci�cally there is a suggestionin both the top two panelsof relationship
at the very low lags.

What is di�eren t herefrom traditional studiesis that serialassociation of
the interval sequencehasbeenexaminedover a broaderrangeof possibilities.

4.3 A discrete-con tin uous example

This exampleinvolvesselectingthe variable most strongly associated with a
given binary responsevariate and checking on the e�ciency of somepara-
metric models..
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Figure 2: From the bottom, the panelsare respectively: a plot of the series,
the estimated mutual information as a function of lag and the estimated
coe�cien t of determination.



Estimatesof the risks of wild�res are basic to governments' preparations
for forest �res and their handling oncedetected. The problem is important
becausein many casesthere are deathsand very large �nancial losses.

In dealing with the problem so called �re indices are often computed
and promulgated. For example there are the Keetch-Byram Drought, the
Fire Potential, the SpreadComponent and the Energy ReleaseComponent
Indices,seePreisler et al (2004).

One questionof concernis whether a �re oncestarted will becomelarge.
Mutual information will be employed to infer which of the four indices is
most highly associated with a �re becominglarge. Further the e�ciencies of
three parametric modelsof generalizedlinear model form will be studied.

The data employedare for the federallands in the state of Orgeonfor the
years1989to 1996. They are discussedin Brillinger et al. (2003),Preisleret
al (2004). The state is divided into 1km by 1km pixels. The times and pixels
in which �res occurredare recorded.Further the sizeof the �re is estimated.

For the mutual information analysisthe responsevariable, Y , is de�ned
to be 1 if a �re becomeslargeand 0 otherwise. The explanatory variable, X ,
is the value of the 4 indices in turn, i.e. four separateanalysesare carried
out.

The resultsareprovided in Figure 3. The �nal panelis the nonparametric
estimate while the previous three refer to the speci�c Bernoulli models em-
ploying the probit, logit and the complimentary loglog link respectively. The
third, the so-calledspreadindex livesup to its nameand appearsthe most
pertinent for inferring whether a �re becomeslarge. Turning to the question
of the e�ciency of the three parametric models, when their estimated MIs
are comparedwith thoseof the nonparametric, they all appear to have per-
formed reasonably. When focus is on the spreadindex, the complimentary
loglog link looks the better. The dashedline in the �nal panel represents the
approximate 95%point of the null distribution. The MIs for the parametric
modelsare estimatedvia expression(19).

4.4 Discussion of the examples

A rangeof questionsmotivated the work carried out. The �rst examplewas
a comparative study. The secondinvolved model assessment. The third was
concernedwith both prediction and the e�ciency of somespeci�c parametric
models.
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Figure 3: The estimated MI as a function of four �re indices usedin prac-
tice. The problem is that of infering which of theseindices is most strongly
associated with a �re becominglarge.



Analysesmight have beencarried out using second-ordermoments; hy-
pothesesof dependencehave beenexaminedagainsta much broaderclassof
possibilities. Further the e�ciencies of someparametric models have been
examined.

5 DISCUSSION AND SUMMAR Y

Mutual information is a concept extending correlation, substituting for � 2

and R2. It hasa simple de�nition and a variety of uses.
Conclusionssuch as

\The hypothesisof independenceis rejected."

become

\The estimatedstrength of dependenceis M̂ I ."

The mutual information provides another motivation for the use of � 2 in
Gaussiancaseand for G2 in the contingency table case. The e�ciency of
an estimate may be studied by consideringparametric and nonparametric
estimatesas in Example 3.

There aresomeoperational questions.Variousestimatesof MI have been
proposed. Their practical properties needto be studied, in particular bias.
Simulation studiescan provide someguidance.

The mutual information is `just" a non-negativenumber. In the examples
it seemedthat functional forms were to be preferred - MI as a function of
country, or of lag, or of index, or of speed. Such thoughts can suggestnew
parametersfor consideration.

The analysis is not complete for oncea large value of the MI has been
found in many casesone needsto look for an expressionof the causeof the
relationship, i.e. a model.

There are lots of problems to be worked upon. These include practi-
cal aspects of extensionsto X in Rp and Y in Rq, higher-order analogs,
robust/resistant variants for examplebasedon M-estimatesof � .

There are other measuresof independenceand entropies, seeFernandes
(2000), Hong and White (2000).

Joe's measure
1 � expf� 2I X Y g



hasbeenmentioned. Nagelkirke (1991)proposesthe useof an expressionlike
this with 2I X Y replacedby the deviance. The discussionaround Theorem
2 suggeststhat this may not be a reasonablequantit y generally for the null
estimate'sdistribution needsto be consideredunder the full distribution, not
just the null.

A CKNO WLEDGEMENTS

The work wassupported by the NSG Grant DMS-0203921.C.W.J. Granger,
A. Guha, H. Joe, B. Jorgensen,H. Preisler,J.P. Segundo,A. Villa, H. White
either made helpful comments or provided data or did both. I thank them
all.

Part of the material waspresented in the 2002ParzenPrize Lecture and
part at the 2003RegressionSchool in Conservatoria.

APPENDIX

A singlevariable problem is consideredto begin.
Let V be a random variable with distribution depending on a �nite di-

mensionalparameter � . Considerthe problem of estimating

	( � ) = Ef g(V j� )g

for somemeasureablefunction g. Assumethat for given � this expectedvalue
can be approximated numerically arbitrarily closely. (There is no problem
in the �nite discretecase.)

Assuming that the derivative involved exists, let JV denote the Fisher
information,

Ef
@2l (V j� )

@� @� 0
g

evaluated at the point � 0 wherel(vj� ) denotesthe log of the pdf (or the pmf)
of the variate V.

Supposethat a sampleof values,f v1; :::; vng, is available and that �̂ is the
maximum likelihood estimateof � . Consideras an estimate of 	( � )

	( �̂ ) (23)



where �̂ is the maximum likelihood estimate of � . Large sampleproperties
of (23) may be studied via the Taylor approximation

	( �̂ ) � 	 0 +
@	 0

@�

0

(�̂ � � 0) +
1
2

(�̂ � � 0)0@2	 0

@� @� 0
(�̂ � � 0) (24)

with � 0 the true parametervalue, 	 0 = 	( � 0), @	 0=@� is the �rst derivative
evaluatedat � 0, and @2	 0=@� @� 0 is the matrix of secondderivativesevaluated
at � 0.
Assumption A.1. The secondderivatives of � exist and are continuous
except in a set whosemeasureis 0. The matrix JV is nonsingular. Further
the large sample distribution of �̂ is normal with mean � 0 and covariance
matrix JV

� 1=n.
Now onehasas n ! 1 ,

Theorem A.1. Let the true parameter value be � 0, and supposethat As-
sumption A.1 holds. Then
a) In the casethat the @	 0=@� is not 0, the variate

p
n(	( �̂ ) � 	( � 0)) is

asymptotically normal with mean0 and covariancematrix

@	 0

@�

0

JV
� 1 @	 0

@�

b) In the casethat @	 0=@� is 0, (as it is in the caseof independence),the
variate n(	( �̂ ) � 	( � 0)) hasas large sampledistribution that of

1
2

Z 0J � 1=2
V

@2	 0

@� @� 0
J � 1=2

V Z (25)

Z being a vector of independent standard normals.
Corollary . Under Assumption A.1, the estimate (23) is consistent.

Consideration now truns to the mutual information caseV = (X ; Y).
Here

	( � ) = I X Y (� ) = E

(

log
p(X ; Y j� )

pX (X j� ) pY (Y j� )

)

(26)

Note that becauseI X Y (� ) is invariant under 1-1 transforms of X and Y,
I X Y (� ) will sometimesnot depend on all the coordinatesof � , i.e. @I =@� will
be of reducedrank.
Assumption A.2. Derivatives up to order 2 exist. One can interchange
the orders of integration and di�eren tiation as necessary. The large sample



distribution of the maximum likelihood estimate, �̂ , is normal with mean� 0

and covariancematrix J � 1
X Y =n.

Then onehas,
Lemma A.1. Under Assumption A.2 and with 	 given by (26) the gradient
@	 =@� vanishesin the casethat X and Y are independent. Also in that case
the Hessianmatrix, @2	 =@� @� 0, is given by JX Y � JX � JY , wherethe J are
Fisher information matricesof the distributions (X ; Y); X ; Y respectively.

The quantit y JX Y � JX � JY hasan interpretation asthe Fisher informa-
tion re � in (X ; Y) minus that in X and further minus that in Y.
Pro of of Lemma A.1. That the gradient vanishesis no surprise since
the MI is minimized at independence.Still a proof is given. There is much
changingof the order of di�eren tiation and integration.

Consider the casethat the random variable (X ; Y) is continuous. The
other casesfollow similarly. Write, with abbreviatednotation, pX (x)dx asp.
The quantit y in question,(26), may be written

Z Z
p log p �

Z
pX log pX �

Z
pY log pY

with derivative
Z Z @p

@�
[log p + 1] �

Z @pX

@�
[log pX + 1] �

Z @pY

@�
[log pY + 1] (27)

Since
R R

p;
R

pX ;
R

pY = 1 onehas
Z Z @p

@�
;

Z @pX

@�
;

Z @pY

@�
= 0

and the +1 terms drop out. Next from
R

pdy = pX

Z @p
@�

=
@pX

@�
(28)

and so Z Z
log pX

@p
@�

=
Z

log pX
@pX

@�
(29)

There is a similar result for pY . The gradient is thus
Z Z @p

@�
[log p � log pX � log pY ] (30)

which is 0 at independenceas p = pX pY .



Turning to the Hessian,taking @=@� 0 of (27) leadsto
Z Z @2p

@� @� 0
[log p � log pX � log pY ] +

@p
@�

[
1
p

@p0

@�
�

1
pX

@pX
0

@�
�

1
pY

@pY
0

@�
]

and from (28)
Z Z @p

@�
1

pX

@pX
0

@�
dxdy =

Z 1
pX

@pX

@�
@pX

0

@�
dx

Sowhen p = pX pY

@2	
@� @�

=
Z Z

[
1
p

@p
@�

@p0

@�
�

1
pX

@pX

@�
@p0

X

@�
�

1
pY

@pY

@�
@p0

Y

@�
]

i.e.
JX Y � JX � JY

as claimed.
Pro of of Theorem A.1. Both parts follow from the representation (24)
and Corollary 3 of Mann and Wald (1943).
Pro of of Theorem 1. Part a) follows directly from TheoremA.1 part a).

Consider next part b). In the caseof independence,following Lemma
A.1, the estimatenI X Y (�̂ ) is asymptotically distributed as

1
2

Z 0J � 1=2
X Y [JX Y � JX � JY ]J � 1=2

X Y Z (31)

where Z is a vector of independent standard normals. In the casethat the
inner matrix of (31) is idempotent the large sampledistribution of I X Y (�̂ ) is

� 2
� = 2n

with � = the trace of J � 1=2
X Y [JX Y � JX � JY ]J � 1=2

X Y .
Assumption A.3. Supposethat Assumption A.2 holdsand that � hasbeen
parametrizedas (�;  ) and that the marginals of X and Y only depend on
� .
Pro of of Theorem 2.

In the casethat X and Y are independent the asymptotic distribution of
(19) is � 2

� =2n with � = dim( ). In the casethat they are not

expression (9) ! Ef log p(X ; Y j� )g � Ef log pX (X j� � )pY (Y j� � )g

in probability where� � maximizes

Ef log pX (X j� )pY (Y j� )g

and onehas the stated theorem.
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