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An Empirical Investigation of the Chandler Wobble and Two
Proposed Excitation Processes

By
David R. Brillinger, Berkeley, U.S.A.

1. Introduction -

The axis of instantaneous rotation of the Earth does not remain fixed
relative to the body of the Earth, rather, its points of interception with the
surface wander about within a region approximately the size of a tennis-
court. This wandering was predicted by Euler in 1765 and confirmed by
observation in 1891. The top graph of Figure 1 provides the x and y coordinates
of the deviation of the North pole from its mean position for the period
1960—1969. (In units of 0”.001 = .101 ft.) The motion of the pole produces
a variation in the latitude which may be used to deduce the time path of the
pole. We mention briefly how this is done.

The zenith is the direction opposite to local gravity. The altitude of a star
is the complement of its zenith distance. The fundamental method of de-
termining the latitude of an observatory is to take the average of the altitudes
of a circumpolar star when it crosses the meridian above and below the pole.
Since 1899 the International Latitude Service has measured the variation of
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latitude at five stations apread along 39°08' north latitude. A conventional
pole of rotation (the C.1.0.) has been adopted. Suppose X (1) denotes the
displacement of the instantaneous north pole at time 7 from the C.I.O. towards
Greenwich and Y (¢) the displacement towards 90° west of Greenwich. Let
Ag,(¢) denote the increment in latitude at observatory j, from its mean
latitude. Then estimates x (£), y (f) of X (¢), Y (¢) are determined by the least
squares fit of the regression equation

g =Z @)+ X()cos i+ Y()sink + & (t) (1.1

J=1,..., 5 where A, denotes the longitude of the j-th observatory. For:z at
monthly intervals, these values are given in Vicente and Yumi (1969, 1970),
which is the source of the data used in the computations of this paper. The
values of x (¢) and y (¢) fall in the intervals —0".37, 0”'.47 and —0".28, 0".50
respectively. The probable errors given in Table 12 of Yumi, Ishii and Sato
(1968) may be used to deduce the standard errors of x(¢), y () from the
above linear fit. These are 0”.057 and 0'".048 respectively.

Chandler (1891) suggested that the polar motion was made up of two
principal components with periods one year and 428 days = 14 months
respectively. Figure 3 below gives the logarithm of the periodogram of the
data. Two peaks, at frequencies near these periods are apparent. In the next
section we shall set down a differential equation that describes the motion
of the pole when the Earth is subjected to arbitrary excitations. Scientific
workers seem to be agreed that the component of the motion with period
one year results from the excitation function possessing a strong seasonal
component. 428 days corresponds to the Fuler frequency of vibration of
the Earth; however the source of the energy that stimulates the natural
vibration is not agreed upon. We shall consider earthquakes and shifts of
the mass of the atmosphere as possible sources of the energy. This 428 day
component is called the Chandler component. The associated motion of the
Earth is called the Chandler wobble.

In the next section we present a variety of harmonic analyses of the polar
variation including; power spectrum estimation, maximum likelihood fit
of a model of the spectrum, bispectrum estimation and complex demodulation.
In Section 3 we carry out cross-spectrum analysis of the polar motion series
with two earthquake series as well as complex demodulation of the latter.
In Section 4 we repeat this analysis with an atmospheric series.

Munk and MacDonald (1960) is an excellent source of basic material con-
cerning the rotation of the Earth. The proceedings of two symposia on the
topic have appeared. These are Mansinha, Smylie and Beck (1970) and Melchior
and Yumi (1972). These works show that the problem of understanding the
rotation of the Earth is exceedingly rich in geophysical terms. It is also rich
in statistical aspects. We mention the papers; Walker and Young (1955, 1957),
Arato, Kolmogorov and Sinai (1962), Mandlebroit and McCamy (1970).
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2. Analyses of the Polar Motion

The position of the pole of rotation at time ¢ is conveniently described by
the complex number
ZO=XWO+iY(® @1

where X (1), Y (¢) are the displacements from the C.I.O. towards Greenwich
and towards 90° west of Greenwich respectively. Munk and MacDonald
have investigated the dynamics of the spinning Earth. Let & () denote an
excitation function whose mctements, do (1), describe the change in the
Earth’s inertia tensor in the time interval (¢, t + dt) - do (¢) is complex-valued
with Re d® (r) giving the change towards Greenwich and Imde (¢) the
change towards 90° west of Greenwich. [In the next section we shall make
use of a formula for d@ (1) when the change results from a shift of mass in an
earthquake.] From classical mechanics, Munk and MacDonald deduce the
equation of motion .

dZ(t)=aZ(t)dt + do (1) .2)

with @ = —f§ + iy complex-valued and § > 0. If & (r) =0, then a solution
of (2.2) is provided by

Z (1) = e = e~P (cos yt + isin yf) (23)

This motion is one of a damped oscillation of requency y. The greater j, the
greater will be the damping.

Suppose now that @ (1), — o0 < t < <0, is a random process with stationary
increments and power spectrum fpq (4). [See Brillinger (1970) for a discussion
of the spectral analysis of processes with stationary increments. The definitions
given there must be modified trivially to apply to complex-valued processes.]
Then (2.2) will have a solution with stationary increments and power spectrum

Szz D =ik — a|2foo A) = [62 + (2 — )] foo (A) @49

This expression shows that f;, (1) may be expected to inherit the peaks of
Jeo (#) and to possess a new peak, of spread 8, at A = y.

Were Z (1) available for an interval 0 <t < T, we would be led to base a
spectral analysis of it on the Founer-StleltJes transform
cxp {—ide}dZ (1) 2.5)

The polar motion values we use are given at monthly intervals, and so we
are led to take as basic statistic the finite Fourier transform of the first dif-
ferences of Z (1), namely

aP @) =T§:exp (—idd} [(Zt + 1) — Z ()] (2.6)

— o <A < o. The second graph of Figure 1 is a plot of the series
Z(t + 1) — Z (¢) for the time period 1960—1969. The first graph of Figure 2
isaplotof | Z(t + 1) — Z(¢)| for the period 1902—1969.
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In Figure 3 we have plotted logio of the periodogram If2() =
Q=T)1|dP(A)|2for .88 < A/2n < 1.00. I£P(A) may be considered to be a highly
unstable estimate of fz (4). In the case that the process @ (f), — © <t < o0,
is mixing, the periodogram will be asymptotically exponential with mean
S22 (A). The standard deviation of the curve in Figure 3 will be approximately
.43, Peaks are present in this graph at frequencies /27 = 917, .929 cor-
responding to rotations in a negative direction with periods = 12 months,
14.1 months respectively. It has long been understood that the process @ (¢),
— 0 <t < o, would contain a strong component of period 12 months
because of the seasonal variation of the loading of the Earth through, shifts
of the atmosphere, melting of snow, tides and the like. [See Jefferys (1959).]
This would account for the peak in Figure 3 corresponding to a period of
12 months. Before smoothing the periodogram ‘in order to obtain a more
stable estimate of the power spectrum, we therefore removed the seasonal
variation from the series of first differences by subtracting monthly means.
The values subtracted are given in Table 1. They correspond to a figure of
ellipsoidal shape. Figure 4 is logio of the spectral estimate obtained by

Table 1
(units of 0”.001)

Jan. Feb. March Aprii May June July Aug. Sept. Oct. Nov. Dec.

x —41 -17 -2 22 33 43 49 31 -2 -34 -4 -4
y 11 28 43 34 22 7 -12 =35 —40 -—45 -19 5
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smoothing 8 adjacent periodogram ordinates based on the seasonally cor-
rected values. The bandwidth of this estimate is .01 cycles/month, Its
asymptotic standard error is .15.

The smooth curve in Figure 4 corresponds to a fitted model whose construc-
tion we now describe. Suppose that we denote the seasonally corrected version
of Z (1), ® (1) by Z' (1), &' (r) respectively. The second graph of Figure 2 is
a plot of | Z'(t + 1) — 2Z’ (¢)|, the amplitude of the seasonally adjusted
first differences. It is seen to peak around the years 1910 and 1950. The model
(2.2) retains the form

dZ'()=a 2'(t) + do’' (1) .7

We may solve the equation (2.7) and obtain
:
Z' (1) = [ et do’ (u) (2.8)

Noting the assumed removal of seasonal components from @ (7), we now
assume that &’ (f) is a noise process with stationary orthogonal increments
and var {dtﬁ' (1)} = o2 [Were we to assume it Gaussian as well, then (2.7)
would be the model of Arato et al. (1962).] Consider the series of increments

AZ()=Z @+ 1)—Z' () 2.9)


























































