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I. Introduction and Summary of Results

There is a growing literature on the k-th order spectra of
stationary vector-valued processes and questions relating to their
estimation (see [1-2],[ 4],[ 6],[8], [9], [11-12].) This paper is
concerned with the asymptotic theory of estimates of k-th order
spectra. A class of estimates is considered that is of an elementary
form computationally and yet leads to asymptotic H,mM,Eﬁm of a simple
form. The asymptotic mean and variance of these estimates is in-
vestigated as well as the covariances and joint asymptotic normality
of several estimates of the same or differing orders. A basic property
the processes are assumed to possess is a tendency for values of
the process, well separated in time, to be approximately statisti-
cally independent.  There is also an accompanying paper on appli-
cations. (See "Computation and Interpretation of kth order spectra”
by D. R Brillinger and M. Rosenblatt in this volume).

II. Background

A. -Stationary Processes

We will be concerned with stationary, r-vector valued
(column vector) processes X(t) = (Xg(t); a = 1,...,r) with real-
valued oonosm:ﬁm/. It will be convenient to assume that all moments
exist. (We do not necessarily assume EX(t) = 0.) Time t will be
assumed to run through the integers.

Stationarity with respect to second order moments implies
that the process X(t) has a vector-valued Fourier representation

2.1) X(t) = [ exp {itx } dz2(\),

-

in mean' square with Z(\) = ANmCL“ a=1,...,r) aprocess with
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orthogonal increments, thatis for -w <X, p <m,

(2. 2) EdZ(\)dZ@)' = (A + p)dF(\)

where A' denotes the transpose of A with F an r Xr non-
decreasing, bounded, matrix-valued, Hermitian function, and 5(\)
is the Dirac delta function. Thus the matrix-valued covariance
function of

(2. 3) EX(t)) X(t,)" n.ﬁ exp {i(t;~ t, )\ JAF(\)

The fact that X(t) is assumed to have real-valued components
implies that

(2. 4) dz(-x) = dzZ(\)
and therefore that
(2.5) dF(=N) = dF(\) .

Since t takes on integer values, Za(\) may be defined for values
of A outside the interval (-w, m) by the relation

(2. 6) ch; = Nw9 + 2jm)

for =0, x2,... .
(These results are due to Bochner and Cramer and may be found in
[3].) Letus define

(2.7) n) = ) s+ 2im).

The existence of all moments and the full stationarity imply
that the moments satisfy

(2.8) m (t,e.,t )= EX_ (t)...X (t)=m (t+ty,e.., T4 ) |
SITRRTPL N Ptk 3 1 a k FEITRPEN Pk
|

for t= 0,+1,%£2,... . Itis convenientto assume (see [1]) that

the moments m have Fourier representations
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(2.9) m

m ™ k K
a a :Hu.:“ﬁwvu.\:. \ mxb?MJéuwm*mQNm Aiu.v 3,

Ptk - i j

where

3
(2.10) mﬁwamm.?f_vTi3+...+swv dG g (Whoo, W)

; ey 8y

and G is of bounded variation with dG zero unless wwsa. =0,%+2m,... .
Such a representation without G of bounded variation is most likely
true if the transform is interpreted in an appropriate sense ( see [ 4]).
With G of bounded variation, it is not true in all generality, but is
valid for a wide and interesting class of stationary unoom\mmmm. Let
“mWA Hr e ty) denote the joint cumulant of xm_A t1), .

c ..
a, - - ,

XmWA ty) . Then the assumption of ( 2.10) is equivalent to

(2.1) ¢ (t,...,t) =c (t+t, ..., t+t )
mp...mw 1 k mH.:mw 1 k

m m W,
ul%d:.l%ﬂmxﬁ ?WwéwuﬁoawaAS%“ i=1,...,k}

with the cumulant

(2.12) oENm.Asa.: =l ...,k =n( 3+:.+<<rv%ma: mx?:, W)
]

ok
S:mwmm,Hmoﬁvoczama,\mﬁwﬂbdéﬁ:mwNmﬂocammmMJ<<_H

J
0,+2m ... It will be convenient to assume that ‘;m cumulants
Ca a. arein Lj as a function of some (k-1) -tuple of t's (and
R
hence any other ( k-1) -tuple. ) This implies that F is differentiable

on the manifold Mw.af =0,+2m ... with

(2.13) &.,m .m?e

L, won(wot 4w
13 k 1

r Wv
=t L mwA Wi, W) nlw b tw, ) dwy L dwy

It is convenient to write f as a function of k wvariables even though

it is zero off MWS_, =0,+2m,. Notice that f is continuous on
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Mwﬁgu HOv an._._.u... .

The stationarity of the process, primarily a time domain
concept, corresponds precisely to the condition that in the Fourier
analysis of k-th order moments ( or cumulants) the spectral mass is
located on the principal manifold MWS; =0 (mod 2w) of k-dimensional
wave number space for every integer k > 0. Further, one can readily

see that

(2.14) dG (w

4
L a T:Js.xvis;.:.+<<

W)

nmm ...a :J

X . t..uéxvi<£+...+2xva<< ... dw

1 k

as long as the wave number vector (wjy,...,w)) does not lie in a

proper submanifold of MWSH =0 (mod 27) of the form

(2.15) Y w. =0 (mod 2r)
je7
where ] is a nonvacuous proper subset of 1,...,k. The discussion

of what happens on (or near) such proper submanifolds of the princi-
pal manifold in spectral analysis has to contain some detail and is
somehwat more complicated than the usual situation on the principal
manifold , but off proper submanifolds. The fact that the process has
real-valued components implies that

(2.16) MH.. WA<< ...“éwvlmmw...wwﬁxiﬁ...g K
There are also symmetries introduced if some components are re-
peated in the computation of higher order moments or spectra. A
detailed discussion of these symmetries and questions of aliasing
for higher order spectra is given in the accompanying paper on
applications.

B. Second Order Case.

At this point we shall briefly discuss the asymptotic proper-
ties of a class of estimates of second order spectra. The hope is
that this will motivate and provide a base for ﬁdm&ﬁn@wﬁam:ﬁ of esti-
mates of k-th order spectra. Assume that we observe a zero mean,
discrete time parameter, real-valued stationary X(t), t=0,+ L.,
from time t =0 to time t = T-1. Certain features of the discussion
will indicate what happens in both the discrete and continuous case,
while others will be typical only of the discrete case; however, these
will be pointed out at the appropriate place. Obvious estimates of
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the covariances m(T) = EX(t)X(t + T} are given by

(2.17) N ) X(t)X(t + 7)
0<t, t+T<T-1

The Fourier transform of this sequence is

T-1
(218 T Diny = (2m 7L ) m D vy exp f-1m\}
=_(T-1)
1t 2
V% =(27T) 7| ) X(t) exp {-itn}| |
t=0

the periodogram. Asymptotic properties of the periodogram, under
an additional condition like MWOS_ ,_,_ _SA i_ < w_ include

(2.19) mHA H:z =f(N\) + 0f HLV

2T 2T ,
sin IN.;+IV sin N?:tv )

2
(2.20) covit P(ny, 11D (-0 + yoir).

HN AmeNMH?.I& mgwlmw;lrv“

Clearly the periodogram is not a consistent estimate (in the sense
of mean square convergence) of f(\), even though it is asymptoti-
cally unbiased. However, the asymptotic orthogonality of HT)(\),
HA HVA ) for N #u 0 <\, p <w suggests that one would obtain a
reasonable estimate by smoothing. We shall smooth by using a
sequence of weight functions Wr(u) derived from a fixed weight
function W(u). Let W(u) be a given weight function that is
bounded, non-negative, symmetric about zero (W(u) = W(-u)) and
such that W(u) ~ 0 as |u| - 2. Further let [W(u) du =1. Let

|
= i <
(2. 21) Wo(w) =K B W(B u) if ul < =

s
with Kr a suitable renormalization constant so that R <<4.HA u)du=1.
-
Br is chosen so that By~ 0 as T —> «, but TBp - ® as T — o,
Notice that this implies that Ky > 1 as T —= ®. For u outside of
(-m,m, Wp(u) is to be taken as a periodic function with periocd
2w. An estimate f{TN(\) of f(\) is then given by
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Ll
(2.22) m Dy = f W TQ:A B a)yda .
-Tr
The alternative way of writing m H: \) as
T-1
(2.23) m 53; =( Nil_ M w (1) BA H:imxn {-iT\}
T
T==( T-1)
where
:.3
(2.24) SHA T) u\ <<.H_A u) exp {itu} du

-1

may often be more convenient for computation. It is natural to call
Bt the bandwidth of the function Wr(u). The estimate is asympto-
tically unbiased as is the periodogram

(2.25) Efl H: N) =N + 0f HLV

A discussion of the bias bp()\) = Eff .H: N) - f{(\) can be found in
[7]. The estimate is asymptotically consistent since

(2.26) cov{fl T IS I Diw )

. ,
= Na.Hl:% <<.H_A A-a) <<HA uta) mNA a) da

-1

v
+ [ W (A=) W (p-a) %EE&ZG-:.

-
For fixed X\, pn with A#Ep(0O<X, p<m

1

£ H:::uog‘ )as T—oo,

cov ﬁA H: N,

Thus £{ ) N, il T(w) are asymptotically csooﬁ.mean if X #Fp,
0 <\, p <w. Now consider what this tells us abofit the asymptotic

behavicr of the variance
(7) “1, T 2
(2.27)  varf (N =2nT {] Wo(A-a) W (\+a) £( @) da
=1

+ \,ﬁzmﬁ N=a) £2( @) da} + ot .

~1
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Clearly,
(2.28) lim BT var £ D()) =2n£2(N\n,. [W(u)du

T T 2\

if 0<\ <w, where if &, denotes the Kronecker delta,

o0
(2.29) T Wﬁs&?

Notice %»mﬁ in expression ( 2. 28) one has a doubling of the variance
at \ = and A =m. The doubling of the variance at \ =0 happens
in both the discrete and continuous case, while the doubling of the
variance at X\ =7 is characteristic of the discrete case only. If

we were to write the spectral density in the form given in (16), we
would have

(2.30) - mrvumswsx

with w] =X = - w2 and then it is seen that X\ =0 corresponds to
the submanifold (0,0) of w) + w, =0. Formula ( 2. 28) is unpleas-
ant in that the asymptotic behavior at \ = 0, ™ appear as discon-
tinuities. Formula ( 2. 27) is much more informative in this respect
since it indicates that the transition between the usual asymptotic
behavior and that at » =0, n takes place in intervals about \=0, =
whose length is of the order of magnitude of the bandwidth Br. The
estimates mA H:Jv of f(xy), 0 < AN =m, j=1,...,s are asympto-
tically normally distributed with means and covariances given by

( 2.25)and (2.26) to the firstorder as T— o under appropriate conditions.

C. The k-th Order Case

Because of the stationarity the moments Ma,. . .mWA t, -, tk)

and cumulants an. L
ately chosen variables. At times, such a representation will be
convenient though perhaps unesthetic. The representation will de-
pend on the index of the time variable one uses as a base point in
forming time differences. If t; is used as the base point we shall

write

mwA t,...,t) depend only on k-1 appropri-

(230 ymy e (Vs Yy p Vigp e )
1 k
=m g (v, v, bt RV e BV
1 k
with a corresponding definition for __omp...ww?%:; JLV <_,+T ey <rv .
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Notice that the k functions of k-1 wvariables formed in this way
from the initially given function of k wvariables will generally look
quite different, There are however, certain obvious relations be-
tween them enabling one to determine any one in terms of any other.
These relations are commented on in greater detail in the accompany-
ing paper on computation and interpretation. Whenever an assump-
tion in some result is stated in terms of such a representation, the
assumption will have the same form in terms of any such representa-

tion. For convenience we will write m! {(vy,... > Vi) for
al...ag' 'l

xMa a (vy,-..,vk_1) with a similar definition for
1% :
Qw%.. mWA Viy-+-,Vk_])- In the frequency domain, the contracted
form
\ I N
(2.32) 8, o peoMp Mg M)
1 k
= RN
mw...mArﬁ..:ywlﬁyﬂjiu ’ wv
1 k
where MWVJ. =0 (mod 2m), will at times be used. We shall also
write ww& . mWA 77 ceey M) for rmmh. . mrA ISTEEEE ZALV on
occasion.

In deriving results we will make a basic assumption con-
cerning the nature of the process X(t).

Assumption I. Given the strictly stationary process X(t) =(Xg(t);

a=1,...,r) we assume
o
(2.33) S 8_<uoma..mwA<Hw:.n<w-:d *
Vi V1T
for j =1,...,k-1 and any k-tuple aj,...,ak when k =2,3,...

This assumption relates directly to the smoothness of the
k-th order spectra. In fact we can prove that

. X ..
(2.34) ,we:wnzu USRS TR TER RN
&
i} X Y
mma..mwﬁrw...“yw-a ST N
ket
< 1
I;_._Ami M_<&om~.‘.wwa<%...u<x|yv_
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or alternatively we may note that ( 2. 33) implies that

m.mp. .. mwﬁ VT..J rwnb:mmwcsﬁoﬁ,aqoo:ﬂscocmvcamoﬂsq
bounded gradient.

Before going on to state some results of interest, we shall
have to introduce some additional notation. Let

(2.35) awd; N X () exp {-ixt) .
£=0

Moments of products of such sums as

(2.36)

-
1"
e —

é::

will be of special interest to us. Notice that the familiar second
_order periodogram is simply,

(2.37) Doy =(2em ™ Dinyl?.

We shall have occasion to introduce higher order analogues of the
second order vmﬁoaomwmg In the following lemma the joint cumulant
of mm (T) rHv g eey (D v is estimated. Let

1 mw

(2.38)  aqn uMl exp {-irt}

= exp {ix(T-1)/-2} sin E\N\MS Nz .

We note that Ag(\) =T if X\ =0 (mod 2m) and Ag(\) =0 if
A =2mn/T, n an integer not equal to 0, *T,... .

£
Lemma 1. Suppose that

[o¢]
(2.39) MU lv.c (v, .., v, )| <o
v v =0 uwH.:.mw 1’ 7 k-1
I
for j =1,...,k~1; then the cumulant

o

S
The proofs of Lemmas and Theorems may be found in Section IV.
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( 2. 40)
T T
OEW:JV,:. D= (zmla ANV e .mmJ“:;ﬁ-?ﬂoA:
where the error term O(1) is uniform for all A ..., A

We note that the cumulant reduces to O(1) if for j =1,...,k

u Nﬂs /T, nj an integer, but Mwn J #0 (mod 2w). This H.mo.EOSOD
will onmmzv\. wmmpmﬂ us in deriving statistical properties of the pro-
posed estimates.

The expression

(T k-l w:v
(2.41 HmH.:m?d:;r Tnmi umpam AJV

where MWJ. = 0(mod 2m) is a k-th order analogue of the second

order periodogram. This is suggested by the fact that

(T)
(2.42) 1 (N eey N)
aj--- 1 k
T-1 T-1 k-1
P LD MR ) BMHV (e vy _exp{-t b ﬁwu@
v, =T+l v, ==T+ 177 % 1
1 k-1
with

(2. 43) BE L @y, z&; LoX (v X (e DX (0,
&%k - 0<t<T-1 1 k-1 k

0t <T-1

< <T-
o.ln+<wl H....H. 1

:,V

since MWHJ = 0(mod 27). We shall call Iy mwA Ny -ery M) @

k-th order periodogram and it is always to Um understood that the

sum of its k variables satisfies MM J 0 ( mod#2w) .

In connection with the k-th order periodogram we can prove
Lemma 2. Let X(t) ={(Xa(t); 1,...,r) be a strictly stationary
process mmﬂm@:ﬁ Assumption H me k-th order periodogram,

iy (M, ..., \), given by (2. 4]) is such that
a...a 777k , given oy
ey











































