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I. Introduction and Summary of Results

There is a growing literature on the k-th order spectra of
stationary vector-valued processes and questions relating to their
estimation (see [1-2],[ 4],[ 6],[8], [9], [11-12].) This paper is
concerned with the asymptotic theory of estimates of k-th order
spectra. A class of estimates is considered that is of an elementary
form computationally and yet leads to asymptotic H,mM,Eﬁm of a simple
form. The asymptotic mean and variance of these estimates is in-
vestigated as well as the covariances and joint asymptotic normality
of several estimates of the same or differing orders. A basic property
the processes are assumed to possess is a tendency for values of
the process, well separated in time, to be approximately statisti-
cally independent.  There is also an accompanying paper on appli-
cations. (See "Computation and Interpretation of kth order spectra”
by D. R Brillinger and M. Rosenblatt in this volume).

II. Background

A. -Stationary Processes

We will be concerned with stationary, r-vector valued
(column vector) processes X(t) = (Xg(t); a = 1,...,r) with real-
valued oonosm:ﬁm/. It will be convenient to assume that all moments
exist. (We do not necessarily assume EX(t) = 0.) Time t will be
assumed to run through the integers.

Stationarity with respect to second order moments implies
that the process X(t) has a vector-valued Fourier representation

2.1) X(t) = [ exp {itx } dz2(\),

-

in mean' square with Z(\) = ANmCL“ a=1,...,r) aprocess with
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orthogonal increments, thatis for -w <X, p <m,

(2. 2) EdZ(\)dZ@)' = (A + p)dF(\)

where A' denotes the transpose of A with F an r Xr non-
decreasing, bounded, matrix-valued, Hermitian function, and 5(\)
is the Dirac delta function. Thus the matrix-valued covariance
function of

(2. 3) EX(t)) X(t,)" n.ﬁ exp {i(t;~ t, )\ JAF(\)

The fact that X(t) is assumed to have real-valued components
implies that

(2. 4) dz(-x) = dzZ(\)
and therefore that
(2.5) dF(=N) = dF(\) .

Since t takes on integer values, Za(\) may be defined for values
of A outside the interval (-w, m) by the relation

(2. 6) ch; = Nw9 + 2jm)

for =0, x2,... .
(These results are due to Bochner and Cramer and may be found in
[3].) Letus define

(2.7) n) = ) s+ 2im).

The existence of all moments and the full stationarity imply
that the moments satisfy

(2.8) m (t,e.,t )= EX_ (t)...X (t)=m (t+ty,e.., T4 ) |
SITRRTPL N Ptk 3 1 a k FEITRPEN Pk
|

for t= 0,+1,%£2,... . Itis convenientto assume (see [1]) that

the moments m have Fourier representations























































