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ABSTRA CT Concern is with mo ving meteorological phenomena. Some

existing tec hniques for the estimation of motion parameters are review ed.

F ourier-based and generalized-addi ti v e-mo del -bas ed analyses are then car-

ried out for the global geop oten tial 500 millibar (m b) heigh t �eld during

the p erio d 1-6 Jan uary 1986.

1.1 In tro duction

Early in his professional career Lucien Le Cam w as a statistician at Elec-

tricit � e de F rance. His F ourth Berk eley Symp osium pap er, "A sto c hastic de-

scription of precipitation", (Le Cam 1961), describ es a conceptual sto c has-

tic mo del for (p erhaps mo ving) rain�elds dev elop ed at that time. In partic-

ular, Professor Le Cam w as concerned with the dev elopmen t of riv er stream


o w follo wing rainfall. The mo del in v olv ed a smo othing transformation of

a p oin t pro cess with direction and v elo cit y of mo v emen t included. There

ha v e since b een man y references building on his w ork including: (Smith

& Karr 1985), (Gupta & W a ymire 1987), (Co x & Isham 1988), (Phelan

1992).

In this pap er the fo cus is on v elo cit y estimation of mo ving disturbances.

T o b egin consider a n um b er, N ; of plane w a v es, g

n

( �

n

x + �

n

y � v

n

t ),

mo ving across a surface. The mo del of in terest is

Y ( x; y ; t ) =

N

X

n =1

g

n

( �

n

x + �

n

y � v

n

t ) + noise (1)

with ( x; y ) lo cation, t time and the n � th w a v e ha ving v elo cit y v

n

and direc-

tion cosines ( �

n

; �

n

). The v elo cit y is the parameter of particular in terest in

this w ork. The functions g

n

( : ) ma y b e kno wn up to a �nite dimensional pa-

rameter, eg. g ( u ) = �cos ( mu + � ) or simply ma y b e assumed smo oth. The
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�rst case suggests emplo ying F ourier tec hniques, while the second suggests

pro jection pursuit regression tec hniques to study the v elo cities.

The analyses presen ted here are for a w orldwide spatial-temp oral �eld.

An in teresting asp ect is that, b ecause the data are for the whole sphere,

there is a basic p erio dicit y in the x and y co ordinates.

The next section reviews some of the previous related w ork. In the follo w-

ing sections F ourier-based and smo othing-based tec hniques are applied to a

particular meteorological data set. One �nds that eac h of these tec hniques

has its adv an tages, but that the standard errors of the v elo cit y estimates

app ear notably smaller for the smo othing-based tec hnique.

1.2 Some History

(Briggs, Phillips & Shinn 1950) studied the b eha vior of radio w a v es re-


ected from the ionosphere. They w ere concerned with a randomly c hanging

pattern mo ving across the ground. F or example they w ere after drift v elo c-

ities. Time series w ere en visaged recorded via an arra y of 3 receiv ers, i.e.

at 3 lo cations ( x; y ). With Y ( x; y ; t ) denoting the signal recorded at time

t and lo cation ( x; y ), the basic parameter suggested to b e emplo y ed in the

estimation w as the correlation function

cor r f Y ( x + v ; y + w ; t + u ) ; Y ( x; y ; t ) g (2)

assumed not to dep end on x; y ; t . (Briggs 1968) extends the w ork and in

particular assumes the function (2) has the form

� [ A ( v � V

x

u )

2

+ B ( w � V

y

u )

2

+ K u

2

+ 2 H ( v � V

x

u )( w � V

y

u )]

with ( V

x

; V

y

) denoting the drift v elo cities. Estimates of the V

x

; V

y

and the

other parameters are obtained via nonlinear regression. (Briggs 1968) also

discusses the case where disp ersion o ccurs, that is the v elo cit y dep ends on

the w a v en um b er.

(Leese, No v ak & Clark 1971) study cloud motion via images tak en from

a geosync hronous satellite. They are in terested in wind �elds. Pictures,

Y ( x; y ; t ), are tak en at times t = t

1

and t

2

. The basic criterion prop osed

is (2) with t = t

1

and t + u = t

2

. The correlation is assumed to b e

indep enden t of ( x; y ) and the p oin t, ( ^ v ; ^w ), of maxim um cross-correlation is

determined. The sp eed estimate is then

p

^v

2

+ ^w

2

= ( t

2

� t

1

) and the direction

estimate tan

� 1

( ^ v = ^w ). These researc hers found their pro cedure "Better

than man ual for sp eed". They noted that complications that could lead to

di�culties of estimation included: gro wth, deca y , rotations and la y ers.

(Arking, Lo & Rosenfeld 1978) tak e a F ourier approac h. They supp ose

that
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Y ( x; y ; t

2

) � Y ( x � v ; y � w ; t

1

)

The cross-sp ectrum of the t w o �elds Y ( :; t

2

) and Y ( :; t

1

) is then giv en b y

f

21

( �; � ) � e

� i ( v � + w � )

f

11

( �; � )

where f

11

( : ) denotes the spatial p o w er sp ectrum of Y ( x; y ; t ). The pair

( v ; w ) are estimated from neigh b oring w a v en um b er, ( �; � ), data.

(Marshall 1980) w as concerned with sp eed and direction of storm rain-

fall patterns. Data w ere a v ailable from a rain guage net w ork, with sensors

lo cated at p ositions ( x

j

; y

j

), j = 1 ; 2 ; :::; J and measuremen ts made at

times t = 0 ; 1 ; 2 ; ::: . T o carry through the analysis, the data w ere in ter-

p olated to a grid. This researc her also to ok a maxim um cross-correlation

approac h, estimating for giv en u , the ( v ; w ) maximi zing (2) ab o v e. If that

extreme p oin t is ( ^ v

u

; ^w

u

), the mean v elo cit y of the storm is estimated b y

the a v erage of ^v

u

and ^w

u

. (Marshall 1980) used least squares to �t the

mo del

h exp f� a

2

r

2

� b

2

s

2

g

to (2), with r = v sin � + w cos � and s = w sin � � v cos � .

(Brillinger 1985) indicated extensions of the results of (Hannan & Thomson

1973) to pro vide large sample distributions for maxim um cross-correlation

estimates in the case of t w o time slices. (Brillinger 1993) is concerned

with estimating the join t distributions of sev eral successiv e motions giv en

consecutiv e lo cations of mo ving particles. (Brillinger 1994) is concerned

with the estimation of the tra v el times of the e�ects of cloud seeding. In

that pap er a conceptual mo del is built, analagous to that of (Le Cam 1961),

for the transference of the e�ects, then b oth parametric and nonparametric

estimation is carried out.

In the study of problems suc h as those just describ ed, critical distinc-

tions that arise include: Is the n um b er of sensors, J , small or large? Is the

v elo cit y constan t or disp ersiv e? Is the n um b er of time slices, T , small or

large? The c hoices made a�ect the appro ximations to distributions of the

estimates in imp ortan t w a ys. When J or T are large, traditional asymptotic

appro ximatio ns are a v ailable.

References on the maxim um cross-correlation approac h are: (Burk e

1987), (Kamac hi 1989) and (T okmakian, Strub & McClean-P adman 1990).

Estimation tec hniques, based on di�eren tial expressions of the motion, are

review ed in (Aggarw al & Nandhakumar 1988). (Carroll, Hall & Rupp ert

1994) in v estigate p enalized least squares and maxim um cross-co v ariance

metho ds for estimating the missalignm en t of a pair of images. Researc h

con tin ues on this t yp e of problem, in to the circumstances under whic h

eac h metho d is to b e preferred.
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1.3 The Data

The particular data studied here are a �v e da y sequence of 0000 and 1200

Green wic h Mean Time (GMT) geop oten tial analyses. These are spatially

in terp olated estimates of the heigh t of the 500 milli bar (m b) pressure �eld

across the surface of the Earth. This quan tit y pro vides the thic kness of

the atmosphere b et w een the sea lev el and the 500 m b lev el. It relates to

temp erature, b eing lo w for cold v alues and high for w arm v alues. The data

w ere prepared b y the National Meteorological Cen ter in W ashington and

one reference to the metho d is (Dey & Morone 1985). The p erio d co v ered is

1200 GMT 1 Jan uary 1986 to 0000 GMT 6 Jan uary 1986. The time in terv al

b et w een data is 12 hours and there are 10 time slices. The geop oten tial is

computed on a 64 b y 32 global grid, (64 equispaced longitudes and the

32 latitudes 85.8, 80.3, 74.7, 69.2, 63.7, 58.1, 52.6, 47.1, 41.5, 36.0, 30.5,

24.5, 19.4, 13.8, 8.3, 2.8 North and South). The data are based on man y

observ ations and are in terp olated to this regular arra y . They are mean t to

pro vide input v alues for n umerical forecasts in particular.

The measuremen ts of 1200 GMT 1 Jan uary are graphed as con tours

in an image in Figure 1. V alues 5300 meters and b elo w are indicated b y

dashed lines. One sees, for example, a depression o v er Hudson Ba y . F urther

examination of the 10 suc h images sho ws the depression to mo v e east w ard

and �ll in o v er the eastern A tlan tic on 5 Jan uary .

1.4 The Problem

The problem of concern is ho w to estimate the v elo cit y of a mo ving phe-

nomenon, suc h as the 500 m b �eld whose initial time slice is graphed in

Figure 1. This �eld could b e denoted Y ( x; y ; t ), but consideration will b e

restricted to motion along single latitudes. Denote the v alues along a giv en

latitude, y , b y

Y ( x; t )

with t refering to time and x to longitude East. The mo del considered is

Y ( x; t ) = g ( x � v t ) + � ( x; t ) (3)

with � ( : ) stationary noise. Here g ( : ) represen ts the mo ving shap e and v its

v elo cit y . Because the Earth is a sphere, the function g ( : ) has p erio d 360

o

.

Fields that are p erio dic are considered in (Y aglom 1962), (Monin 1963),

(Hannan 1964), (DuF our & Ro y 1976).
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FIGURE 1.1. Con tour plot of the 500 m b heigh t at 1200 GMT 1 Jan uary

1986.Con tours at lev els 5300 meters and b elo w are indicated b y dashed

lines.Con tours are spaced 100 meters apart.

1.5 A F ourier Approac h

F or the momen t, let the longitude b e expressed in radians, � = 2 � x= 360,

rather than degrees. T o reduce the e�ects of the presence of a �xed or slo wly

mo ving disturbance, the pro cess Y ( : ) analyzed is that of the di�erences

Y ( x; t ) = Z ( x; t + 1) � Z ( x; t )

with Z ( : ) the original 500 m b v alues. The di�erencing op eration enhances

small features and mak es the pro cess v alues more nearly indep enden t. Data

are a v ailable for � = 2 � l =L; l = 0 ; :::; L � 1 and t = 0 ; :::; T � 1. A

�rst analysis will b e based on the empirical F ourier transform

d

T

Y

( m; � ) =

X

l

X

t

Y (

2 � l

L

; t ) exp f� i

2 � l m

L

g exp f� i�t g (4)

L = 64 ; T = 9. Supp ose the F ourier series expansion of g ( � ) is

g ( � ) =

X

k

�

k

exp f i� k g

0 � � < 2 � with k w a v en um b er. Ev aluating the F ourier transform of

g ( � � v t ) as in (4) one obtains
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FIGURE 1.2. Lineal-temp oral p erio dogram, j d

T

Y

( m; � ) j

2

, of the data v alues

Y ( x; t ) at 6 northern latitudes.Units of the y-axis are cycles/da y .

�

m

�

T

( � + v m )

with

�

T

( � ) =

T � 1

X

t =0

exp f� i�t g

The function j �

T

( : ) j has principal mass near the origin, side lob es at

3 � =T ; 5 � =T ; ::: and p erio d 2 � . By insp ection j d

T

Y

( m; � ) j

2

, as a function of

m; � , can b e an ticipated to ha v e a ridge along � + v m � 0.

Figure 2 presen ts con tour plots of j d

T

Y

( m; � ) j

2

, the lineal-temp oral p e-

rio dogram, for the 6 northern latitudes 36.0, 41.5, 47.1, 52.6, 58.1, 63.7 .

F requencies along the y-axis are in cycles/da y . One sees principal p eaks

and suggestions of ridges, primarily at w a v en um b ers 5-10 and p erio ds of

3-10 da ys.

The quan tit y d

T

Y

( m; � ) is a double F ourier transform. In the estimation of

v elo cit y v , it is simpler to w ork with the follo wing single F ourier transform
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FIGURE 1.3. Plot of the m ultiple R-squared criterion (5) for the F ourier �tting

pro cedure.

Y

m

( t ) =

X

l

Y (

2 � l

L

; t ) exp f� i

2 � l m

L

g

t = 0 ; :::; T � 1.

This is �

m

exp f� iv mt g + noise under the mo del (3). Elemen tary re-

gression suggests consideration of the m ultiple R-squared t yp e statistic

R ( v )

2

= 1 �

X

m

j

X

t

Y

m

( t ) e

iv mt

j

2

= ( T

X

m

X

t

j Y

m

( t ) j

2

) (5)

as a measure of �t for a presp eci�ed v elo cit y v alue, v . T o assess the optimal

v alue of v , (5) is graphed in Figure 3 taking m = 0 ; :::; 12. (F rom Figure

2 the principal mass is at m � 12.) The maxim a of (5) are seen to o ccur

at the v elo cities near 20

o

longitude/da y . The largest v alue of the criterion

is ab out .2 in eac h case and the p eaks are fairly broad. This circumstance

is re
ected in the n umerical estimates and asso ciated uncertain ties giv en

in Section 1.7 .
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FIGURE 1.4. Plot of the m ultiple R-squared criterion (6) for the generalized

additiv e mo del �tting pro cedure.

(Ha y ashi 1982) reviews space-time sp ectral analysis metho ds and their

applications to large-scale atmospheric w a v es.

1.6 A Nonparametric Approac h

Consider again the mo del (3). In the case that the v elo cit y v is kno wn, but

not g ( : ), (3) is the simplest case of the generalized additiv e mo del, (Hastie

& Tibshirani 1990), (Hastie 1992). In the case of unkno wn v , it is the

simplest case of pro jection pursuit regression, see (F riedman & Stuetzle

1981). The function g ( : ) ma y therefore b e estimated in a v ariet y of manners,

see the preceding references. In the presen t case, natural cubic splines with

equi-spaced knots are emplo y ed, (Hastie & Tibshirani 1990).

T o start, v is view ed as kno wn. Then g ( : ) is estimated, based on the data

v alues ( x � v t; Y ( x; t )). As a measure of �t, m ultiple R-squared

R ( v )

2

= 1 �

X

( Y � ^g )

2

=

X

( Y �

�

Y )

2

(6)
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FIGURE 1.5. The estimated functions ^ g ( x ) obtained via smo othing.

.

is again emplo y ed. Its v alues are graphed in Figure 4, as a function of v ,

for the 6 di�eren t latitudes. The p eaks are m uc h more prominen t, but the

maxim a at the di�eren t latitudes are seen to o ccur at similar lo cations to

those of Figure 3.

Figure 5 graphs the estimates of the function g ( : ) for the 6 latitudes.

In a searc h for p erio dicities, (Hub er 1985) refers to suc h a tec hnique as

"A time series v ersion of PPR (pro jection pursuit regression)".

1.7 Uncertain t y Estimation

F or the momen t it will b e assumed that the noise pro cess, � ( : ), consists

of indep enden t 0 mean common v ariance normals. T o b egin consider the

F ourier pro cedure. The estimate maxim izing (5) is maxim um lik eliho o d

and there are classic form ulas to appro ximate the standard error. In the

presen t case, since the only parameter of concern is v , the simple pro cedure

of (Ric hards 1961) ma y b e emplo y ed. It has the adv an tage that one can

disregard the n uisance parameters. It in v olv es expressing the estimates of

the � 's, whic h are ordinary least squares, in terms of the parameter v and

after this substitution determining the maximi zing v alue of v . Surprisingly

the second deriv ativ e of this lik eliho o d of the single v ariable, v , ma y b e
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used to appro ximate the standard error of ^ v . The v alues obtained are:

Latitude

o

N v elo cit y

o

/da y s.e.

o

/da y

36.0 14.6 28.4

41.5 16.5 23.4

47.1 17.4 31.2

52.6 21.5 45.7

58.1 19.2 33.8

63.7 19.7 37.5

These standard errors are large, compared to ^v , as migh t ha v e b een ex-

p ected from the broad p eaks of Figure 3.

In the case of �tting the mo del (3) with g ( : ) smo oth, the results are:

Latitude

o

N v elo cit y

o

/da y s.e.

o

/da y

36.0 13.9 5.9

41.8 17.3 7.4

47.1 18.7 14.0

52.6 22.8 16.6

58.1 19.4 10.4

63.0 18.8 10.6

These standard errors are notably smaller. This second pro cedure is appar-

en tly more sensitiv e and will p erhaps pic k up the �ne features b etter. The

spline emplo y ed had 24 no des and hence 25 linear parameters. The F ourier

tec hnique also had 25 linear parameters.

1.8 Discussion and Summary

The results of the t w o analyses, the �rst a parametric F ourier and the

second a nonparametric, are broadly similar. Adv an tages of the F ourier

approac h include: the mo del ma y also b e examined b y plots suc h as Figure

2, p erio dicit y is handled directly , the whiteness of the noise ma y b e studied

and auto correlation ma y b e in tro duced in to the mo del as necessary . The

adv an tages of the generalized additiv e mo del approac h include: the esti-

mates are (apparen tly) more precise and an estimate of g ( : ) is pro vided

directly .

In in terpreting the results one needs to k eep in mind the p ossibilit y of

aliasing, i.e. that there is a disturbance going around the planet so quic kly

that it app ears to b e mo ving slo wly when sampled but ev ery 12 hours.

The mo del can b e extended to

Z ( x; t ) = f ( x ) + g ( x � v t ) + � ( x; t )
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and the "�xed" comp onen t f ( : ) estimated. As indicated in Section 1 the

mo del ma y also b e extended to the case of sev eral comp onen ts mo ving

with di�eren t v elo cities and directions, see (1). One could consider the

automatic estimation of the smo othness and dimension parameters. Then

the more general forms of generalized additiv e mo delling and pro jection

pursuit regression w ould b e called for.

1.9 Ac kno wledgemen ts

The 500 m b geop oten tial data and helpful commen ts on it w ere pro vided

b y F rancis Zwiers of En vironmen t Canada. Alastair Scott p oin ted out the

broad usefulness of (Ric hards 1961). The Editors ga v e imp ortan t assis-

tance. The initial nonparametric analyses w ere carried out via the ace pro-

cedure of (Breiman & F riedman 1985). Preliminary v ersions of some of the

material w ere presen ted in the Wilks Lectures, Princeton Univ ersit y Ma y

1989, and at the 1990 Ann ual Meeting of the Statistical So ciet y of Canada

in St. John's, Newfoundland.

En�n, je v eux dire, "Merci b eaucoup Professor Le Cam p our tout le

conseil, statistique et p ersonnel, p endan t tan t des ann � ees."

The researc h w as supp orted in part b y the National Science F oundation

Gran t MCS-9300002 and the O�ce of Na v al Researc h Gran t N00014-94-1-

0042.
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