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Abstract

This work considerssignalswhosevaluesare discretestates.lt proceedsby expressinghe transition probabilities of
a nonstationary Markov chain by meansof modelsinvolving waveletexpansionsand then, given part of a realization
of sucha processproceeddo estimatethe coe$ cientsof the expansionand the probabilities themselvesThrough choice
of the number of and which waveletterms to include, the approach provides a #exible method for handling discrete-
valuedsignalsin the nonstationary caseln particular, the method appearsusefulfor detectingabrupt or steadychanges
in the structure of Markov chainsand the order of the chains.The method s illustrated by meansof data setsconcerning
music, rainfall and sleep.In the examplesboth direct and improved estimatesare computed. The models include
explanatory variablesin eachcase.The approachis implementedby meansof statistical programsfor " tting generalized
linear models.The Markov assumptionand the presenceof nonstationarity are assessetioth by changeof devianceand
graphically via periodogram plots of residuals. ( 2000Elsevier ScienceB.V. All rights reserved.

Zusammenfassung

DieseArbeit betrachtet Signale,derenWerte diskrete Zustafide sind. Sie fdfirt fort, indem die UWbergangswahrschein-
lichkeiten einer nichtstationdten Markov-Kette anhandvon Modellen, die Wavelet-Entwicklungenbeinhalten,ausged-
ru€kt werden,und macht dann damit weiter, die Koe$ zientender Entwicklung und der Wahrscheinlichkeitenselbstzu
sch#&zen,wobei ein Teil einer RealisierungeinessolchenProzessegegebersei.Durch die Wahl, wieviel und welcheder
Wavelet-Termezu berd€ksichtigensind, liefert dieseVorgehensweis@ine#exible Methode, um wertdiskrete Signaleim
nichtstationdfem Fall zu behandeln. Insbesonderescheint die Methode nW{zlich zu sein, um abrupte oder stetige
Anderungenin der Struktur von Markov-Ketten und die Ordnung der Ketten zu entdeckenDie Methode wird anhand
von Musik-, Regen-und Schlafdatenveranschaulicht.In den Beispielenwerden sowohl direkte als auch verbesserte
Sch#zungenberechnet.Die Modelle beinhaltenin allen Faflen erkldfende Variablen. Die Methode wird mit Hilfe von
statistischenProgrammen zur Anpassungverallgemeinerterdinearer Modell implementiert. Die Markov-Annahme und
die Gegenwartder Nichtstationaritak werden sowohl durch die A&derung der Abweichung als auch graphisch durch
Periodogrammdarstellungender Residuenbewertet. (2000 Elsevier ScienceB.V. All rights reserved.

R&um@

Ce travail considé&e les signauxdont les valeurs sont deséthats discrets.|l procéde en exprimant les probabilites de
transition d'une chafhe de Markov non stationnaire au moyen de moddesimpliguant desexpansionsen ondeletteset
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ensuite dthnt donnd-line partie dela rddlisation d'un tel processusprocedea lestimationdescoe$ cientsdel'expansionet
desprobabilitetd elles-mgnes.Par le choix du nombre et descoé$ cientsainclure, I'approchefournit une mdthode #exible
pour manipuler dessignauxa valeursdiscréesdansun casnon stationnaire.En particulier, le modde serédéele utile pour
détecterdeschangementsabrupts et rdduliersdansdeschapesde Markov etl'ordre deschafies.La médthode estillustreé
au moyen desensemblesle donnéds concernantla musique,la chute de pluie et le sommeil. Dans les exemplesnous
calculonsa lafois lesestimateursdirects et amélordd. L ‘approcheestimpldmentéd au moyende programmesstatistiques
pour I'ajustementde modédeslinddiresgéddralisdd. La suppositionde Markov et de non stationnarité-estédaludd ala fois

par un changemente dediation et defadn graphiquevia descourbesde pddodogrammesdesrddidus. (

ScienceB.V. All rights reserved.
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This work presentsempirical analysesof non-
stationary Markov chain models,basedon wavelet
expansions, for signals taken from musicology,
meteorology and sleep research, respectively.
A basic goal is looking for time-varying chara-
cteristicsof the various seriessuchastrend and/or
changing (seasonal)e! ects. The work proceeds
from an initial analysisof the transition probabilit-
iesinto the coe$ cientsof a waveletexpansion.This
is followed by an estimation of the coe$ cientsand
a synthesisto obtain estimatesof the transition
probabilities themselvesThe "tted characteristics
may be usedto assessstationarity, e.g.detecting
points of change amongst other things. Through
choice of the number of and just which wavelet
terms to include in the linear predictor the
approach provides a #exible method for handling
signals of discrete-state-valued observations
amongstother possibilities.

The work may be viewedasinvolving a nonlin-
ear model within a linear model setup.Specf cally
transition probabilities, P_ (t), of movement from
state a to state b are expressedas functions of
a linear predictor in t, by meansof waveletexpan-
sionsand link functions. Generalizedlinear model
methodology and computing programs are em-
ployed in the empirical analyses.

Markov processesin particular Markov chains,
havelong beenbasicto signal processingOne can
mention their usein cryptology, coding, networks,
speech, control, image processing for example.
In the last decadewaveletshave also becomebasic
to many areas of signal processing.Since wave-
lets provide economical expansions for a wide
class of functions, this implies for example that

they provide good compression of signals and
images.

In this work Markov chains and wavelettech-
niques are married together to deal with non-
stationary processesThesetwo "elds have been
joined togetherbefore,e.g.by Crouseand Baraniuk
[15] which concernshidden Markov modes, but
the present work concerns discrete-valued pro-
cessesand hasa di! erentintent.

The next section provides pertinent basic back-
ground on Markov chains,waveletsthe modeland
its analysis.Section 3 describesthe data sets,Sec-
tion 4 presentsthe results of the analysesand the
paper endswith somegeneraldiscussion.

1. Background
1.1. The Markov chain case

The concernis signalsthat take on a discreteset
of values. A homogeneousor stationary Markov
chain with A statesis a random process,> (t), tak-
ing on valuesin the setM,2p ,AN suchthat the
conditional probabilities of taking on valuesat the
next time step, given the whole history of the pro-
cess,depend solely on the presentvalue. Specf -
cally,

ProbM (t# 1)' bD (t)"
>t 2 a

a,> (' 1) a_ys
912 N
" ProbM(t# 1)' bD ()" aN Pab (D)

for b,a,a_,,a_,2 3M2 ,ANand t" 1,22
The circumstance(1)is calledthe Markov property
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and also appearsin the dynamic equation of the
state spacemodel, so common in signal processing
today.

The matrix P* [P_] is called the transition
probability matrix. It, with a set of initial condi-
tions ProbM (t)* aN P_, determinesthe process
in the sensdhat probabilities of samplerealizations
M(0)>(1)>2)2 ,>(* I1)Nmay be set down.
Resultshave beendevelopedconcerning” rst pas-
sage times, limiting behavior, communicating
states,etc. by various authors, e.g.Feller [22] and
Dynkin [20]. Applications may be found in [1,2].

If the probabilities P_ and P_, depend on the

: . . a . ab :
particular time point, the chain’is nonstationary
and P_ (t) will denotethe conditional probability of
beingin stateb at time t, giventhat the processwvas
in statea at time t!' 1 while P_(t) will denotethe
marginal probability of beingin state a at time t.
It will be supposedthat the state of the process
has been observed at the * successivetimes,
t" 1,2p ,t.

In many casesa setof parameters reducedfrom
the full setMP_(t),P_(t)N is required, particularly if
A is not smaﬁ‘ andat e amount of data is limited.
The approach adopted hereis to employ a linear
parameterizationof somefunction of the P's,e.g.to
write

IogitNPatgt)N' + babjf(jk(t) (2)

with the b's unknown parametersto be estimated
and the t's given functions (here use of
logitMnN log(n/(1! n) provides a simple manner
to ensurethat the probability staysbetweenO and
1). At the next step this expressionis substituted
into alikelihood function suchas(3)below and the
b's estimatedby maximizing the likelihood. There
may be a further stepof shrinkageof the coeb cient
estimates,that is replacementof an estimate Kby
a value closerto 0 in an attempt to improve the
estimate.ln expansion(2),in this work, t 's are the
functions of somewaveletbasisasdiscussedelow.
In de"ning the likelihood function it is conve-
nient to replacethe process> (t),t" 0,1,22 by
a vector-valued process X(t)" [X _(t)] where
X_ @) 1 if >(t)" a and X _(t) ¢ otherwise.
It satis'es + Xa(t)" 1 and Pagt)" ProbM(b(t)"

X (! 1) 1IN Also one sets Pa"
Pro M(a(O)' IN

Let X tgt)" 1, if the processis in statea at time
t! 1andin stateb at time t, and X tgt)” 0 other-
wise. Given the data and paramgtrlc forms for

Pa(t),Pakgt) the likelihood is now

@ Pgi<a(0[3T 2 e o)) 3)

131 b1

viewedas a function of the parameters.In the case
that A" 2 things may be simpli"ed. Write
n,t)" P..t),n,t)" P,L), then P ()" 1
ni(t), P21]( " 1.? n2(t)2azn(d the Iikeliholoztg is

P)fl(opgz(ot)i MR OX0L! 0 @] Xein(0)%e()

1[0 n,OPON (4)

In avariety of casese.g.! large,the" rsttwo terms,
may be neglected.This will be done in the results
presented.The estimation criterion then becomes

J MREXIEL! 0, O] -1) Xl 1pet)
i1
][ ny@]%E-1)-%N (5)

as a function of the unknown parameters.When
considerationbelow turns to estimation,it is useful
to note that this hasthe form of a likelihood based
on independent Bernoullis, that is random
variablestaking on the values0,1with someprob-
ability n. In consequencethe log of the criterion is
the sum of a term in n,(t) and one in n,(t) each
correspondingto a binomial distribution. Standard
statistical packages, allowing generalized linear
model " tting of Binomials, may now be employed
to compute estimatesof the b's of (2).

A variety of properties of maximume-likelihood
estimateshave beendevelopedfor Markov chains
in the large sample case.For example,Billingsley
[3] developedconsistencyand asymptotic normal-
ity resultsfor a stationary " nite-dimensional para-
meter Markov chain. Foutz and Srivastava [23]
and Ogata [35] derived the large sampledistribu-
tion of the maximum-likelihood estimate in the
stationary ergodic caseBishop et al. [5] suggested
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some methods for assessingempirically whether
aM arkov chainis stationary. Fahrmeir and Srivas-
tava [21] indicated how nonstationary Markov
chain modelsmight be included within the general-
ized linear modelling methodology. Details of this
are provided below. Coe and Stern [14] presented
empirical analyses involving nonstationary
Markov chain models.McCullagh and Nelder [31,
Section8.4.3], discussedhe Coe and Stern work.
Consideration now turns to the wavelet meth-
odology basicto the model being studied.

1.2. Wavelets

Wavelets are contemporary approximation
tools, alternative to existing basis systemssuch as
sinesand cosines,Walsh functions, etc.

The basic fact about waveletsis that they are
localized in time (and space),contrary to what
happenswith the trigonometric functions usedin
Fourier analysis. This behavior makes wavelets
ideal for the analysis of nonstationary signals,
particularly those with transients or singularities.
Fourier basesare localizedin frequencybut not in
time; small changesin some of the observations
may induce substantial changesin almost all the
components of a Fourier expansion, a fact that
doesnot hold for basicwaveletexpansionsand can
be a real disadvantage.

In elementary wavelet analysis there are two
basic functions, the scaling function (or father
wavelet) andthewavelett .Here/ isasolution of
the two-scaledi! erenceequation

[ @) J 2+ h/ ! k) (6)
Kz

and normalized via :/ (t)dt" 1,whilet is de"ned

by

t@)" J2+ ( ¥y _J (2 K). (7)

Kz
Here Z isthe setof all integersand the h, 'sare" Iter
coe’ cients which can be chosenin such a way
that one has wavelets with desirable proper-
ties. De"ning /, ()" 2 @32t! k) and t ., (t)"
2j@2{2jtl k), for examplethe systemM , (t ’%
k(t)va‘ Wz forms an orthonormal ba3|sfor

spaceof squareintegrablefunctionson the realline

(R), under some additional conditions on the
% er coeb cients.Accordingly, any f3, 2(R) canbe
expandedas

O+ aoF + + byt ), (8)
Kz jw Kz

wherel is the "coarse level of the approximation

and the wavelet coe$ cientsare given by

Py o P od @

following the orthonormality. On occasionnonor-
thogonal functions are used and one speaks of
frame analysis.

In practice for eachwavelet analysis,empirical
versionsof the waveletcoe$ cientsare de" ned. For
example,they can be de" ned as least-squaresesti-
mates,say g k’bfk’ that is, minimizers of

P@ aygo TF b LoD
/1 KO il

with J appropriately chosenlin th|s work nonlinear
smoothing (thresholding or shrinkage) rules are
applied to the coeb uentsbj(kto obtain improved
estimators.

Severalissuesare of interest here:

(i) the choice of the waveletbasis,

(i) the choice of a shrinkage policy,

(i) the estimation of the scaleparameter (noise
level).

A brief discussionof thesefollows. For further
details seefor example[10} 13,30,33].

(i) Concerning the choice of the wavelet basis,
some possibilities are the Haar functions and the
compactly supported waveletbasesof Daubechies
[16]. Other examplesare the Morlet and Mexican
hat wavelets,which generateframesunder specf c
conditions. For thesewaveletsequations(6)} (8) no
longer hold and the coe$ cientsin (9) are obtained
using a dual frame. See[16] for details on frames.

The problem and the form of the signal to be
analyzed may suggesta particular basis. In the
examplesto be presentedhere,the Haar expansion
will be used,having in mind its simplicity of inter-
pretation and its ability to detectabrupt temporal
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changesThe Haar expansionis basedon the choi-
ces

[©" 1, 0 t( 1, (11)

., 0 t( 4
to Gl, Dot 1L (12)

Expansion (8) is then, more simply

JF12~1
f(t)" aod# '+ + bjkt jk(t) (13)
/0 KO
for someJ. It may beremarkedthat in this casethe
"tted values simply correspond to assumingthe
function is constant at the coarsest resolution
employed.

(i) By shrinkageis meant the replacementof an
estimated coe$ cient, b<k by a shrunken value
U(F“ W(%/Sk)%for sémefunction w(.)suchthat
V\}u)+ 1fl)r I!argé Cand + O for small @Dand with
s, an estimatedstandarderror of l . The function

if.) is meant to dampen down thés variability of

and not to introduce too much bias. The esti-
rAated function will be,in the Haar case,

KO dy J; 1 St 3, 0. (14)

Various criteria have been suggestedfor the
choice of w(.). For example Blow and Crick [6],
using a mean-squarederror criterion, were led to
the function

w P GABLABD: e

with the I. Besselfunctions. Tukey [37] suggested
the useof

w(u)" (o

which weightsto zeroany termswith Dessthan

its standard error and smoothly down\;veightslar-

ger values.This is the w()) usedin the examples
presentedbelow.

Donoho and Johnstone[17}19], motivated by
considerations of risk, work with functions of
the form d. (%), with jnPR as nPR , e.g.
j " s, J 2logn. Heres, isthe estimatedstandard

dre]viaﬁlén of K . Othetjlﬁ‘orms of shrinkage rules

might be usedfo improve estimates,as the Sure

1/u2). | (16)

Shrink [18] and a cross-validationprocedure[34].
See[33] for further suggestionsit remainsto be
learnedwhen thesevarious choicesare particularly
appropriate and for which practical situations.

In practice,rangesof valuesof j,k in (2) needto
be selected.Here the various |,k terms will have
varying weights,asa result of employing shrinkage,
and in a sensehis alleviatesthe problem of choice
of rangefor j,k.

(iii) In the caseof (15)or (16),s,, an estimateof
the standard deviation of I¥ , is needed.For a sig-
nal plus stationary noisemd el,Brillinger [8] bases
such estimateson an estimate of the power spec-
trum of the errors. In the presentexamplesoutput
from a standard generalizedinear model program
may be used.Details are given below.

The presentwork will considerprincipally alogit
for the probabilities and a wavelet-basedegression
function, asin (2).Of coursefunctions other than
the logit may be used,seeMcCullagh and Nelder
[31].

In practice in the de" nitions the time period of
observation will be shrunk to the unit interval by
working in terms of the variate t/* .

1.3. Themodeland its implementation

Given a stretch of data from a two-state Markov
chain, with transition probabilities P_(t), in the
empirical examplespresentedthe estimation cri-
terion (5) will be used.What is further neededis
a specf ¢ model for the n_(t), a" 1,2.

Fahrmeir and Kaufmann [21] and Kaufmann
[29] presenta maximume-likelihood approach for
statistical inference concerning categorical-valued
time signals possessingcertain forms of M arkov
structure. Their model allows the inclusion of ex-
planatory variables.Theseauthors developconsist-
ency and asymptotic normality properties of the
estimatesamongstother things. The model may be
written as

ProbMK (1) 1DX(E D)X 22 N hZ0)b)

for a 1p ,A! 1, where X({t)" [X_(t)],
h:RA-1P RA-1, is one-to-one,and Z(t) isa f‘anc-
tion of past observationsand " xed explanatories
and b is a vector of unknown parameters.In this
case,it will include the wavelet coéb cients (see
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Eq. (19)below). Higher-order Markov chains may
be included by inserting interaction terms such as
X [t 1)X b(t! 2) into the linear predictor, Z(t)dp.
%o be specf c,considerthe two-state (A" 2)and
Haar waveletscase.Model (2) may be written as

ProbM ()"

. . 2 2~1
n (1) h@r 5T jk(t)|,—| (17)
/0 kKO

wherea" 1,2with hfor examplethe inverseof the
logit transform asin (2).This modelfalls within the
framework of the Fahrmeir} Kaufmann work de" n-
ing Xa(t)" 1if> ()" aandX _(t)" Ootherwisefor
a' 12 ,A! 1. Assuming fhat the preceding
model is correct and that Jais " nite, the results of
Fahrmeir and Kaufmann showthat the usual max-
imum-likelihood large sample standard error for-
mulae are appropriate asymptotically.

The s i i.e.the standard error estimatesfor the
K. wiIFloe required in the formation of shrunken
es{lmates.They are typically part of the output of
maximum-likelihood programs. Thesevalues (and
estimatedcovariances)may be usedto estimatethe
variancesof derived estimatesg.g.of the transition
probabilities of the Markov model. This iswhat has
beendone in the examplespresentedbelow.

In [7,8] it is proposed to estimate the un-
certainty of a shrunken wavelet estimate of a
mean function by acting as if the weights,
w(s_./lK.) are constant, really more nearly con-
staﬁ{lﬁn e sensethat the major variability comes
from the b%l'k‘ This is what has beendone in the
examplesprésentedbelow. It is also actedasif the
J_ were constant.

alt is crucial to assesshe goodnessof "t of models
employedas,for example,the Markov assumption
is basic for the development.The nonstationarity
describedby waveletexpansiondeadsto a general-
ized linear model, so techniquesproposedfor that
casemay be employed. These include: deviance
analysisand various types of residual analysis.In
particular, sincetemporal dependences a principal
basicconcern,an examination of the periodogram
of the residualsmay prove insightful in considering
alternatives of stationary dependence.

Further details of the computations and de€" ni-
tions are given in the appendix.

ab(t! 1) aN

2. The data sets

Consideration now turns to applying the above
modelling procedure to some observedsignals of
interest.

2.1. Music

Markov processeshave been used in "nding
structure in music, seefor example[36,26,28]. For
example musicologistshave tried to model melo-
dies as kth order Markov chains. These methods
havegenerallyfailed to capturethe essencef melo-
dies for two reasons.Firstly, they missthe global
structure of the music and secondly,they assume
stationarity, a characteristicthat melodiesde" nite-
ly do not seemto possess.

In [27] a stochasticcomposition is createdusing
a "ve-state Markov model (big jump up, small
jump up, no jump, small jump down, big jump
down) to generatethe intervals betweennotes of
the melody. A 5] 5 transition probability matrix,
estimated from simple melodies, is used. It was
noticed that, although the melody sounded" ne for
small stretchesof time, it lacked direction and
seemedepetitive. Use of a nonstationary transition
probability matrix may "improvea such stochastic
compositions.In this work, asa preliminary study,
a simple two-state (jump, no jump) model will be
employed.A jump occurring at time t is related to
a note starting at that time. This representationis
then equivalent to the rhythm of the melody.
Stretcheswith many consecutivenotescanberefer-
red to asan intensepart of the melody.

The exampleto be consideredinvolves the " rst
128 measuresof the rhythm of the soprano line of
J.S. Bach's un"nished fugue, ContrapunctusXIV
from Die Kunst der Fuge.To begin,it is necessary
to put such data into the form consideredin the
paper. To this end temporal subdivisions of
a measureare setup. The smallesthas beencalled
a tatum[4]. In this particular fugue the smallest
subdivision of the beat is a 16th note (a note of
one-sixteenththe duration of a measure)However,
16th notesare usedonly asembellishmentssoto be
able to study the structure of the piecein terms of
the intenseparts, a tatum will be de' ned to be an
eighth-note and a two-state time serieswill be
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Soprano Rhythm of Contrapunctus XIV by J.S. Bach

2 M A

105

I

115

I I
120 125

Time in Measures

Fig. 1. Timesof the beginningsof notesfor the Sopranoline in Bach's un" nishedfuguefor measures880} 111.The value 2 correspondsto

a new note starting.

de' ned via

if the beginning of a note

> (t)" occursin tatum t, (18)

Nno new note in tatum t.

There are then 1" 1024 observations in total.
Fig. 1 presentssomedata from towards the end of
the piece.The eventof a new note starting corres-
ponds to the level 2. One notices, for example,
a number of stretchesof constant level.

Questionsthat might be addressedhereinclude:
canwaveletanalysisusefullydescribenonstationar-
ity present?Does temporal dependencyexist be-
yond the modeled nonstationary Markov?

Brillinger and lIrizarry [9] and lIrizarry [27]
contain more details on the quanti"cation and
statistical analysisof music.

2.2. Snoqualmigralls rain

For the presentwork Peter Guttorp provided
daily data concerningwhetheror not at least0.01in

of rain had occurred at Snoqualmie Falls,
Washington, for each day for the period 1963 to
1977.He had analyzedthe January data [24] and
in particular " t two-state stationary Markov chains
of orders1 and 2. Guttorp restricted consideration
to Januaryvaluesin order to obtain realizations of
an approximately stationary processin the present
work all the days and months are studied.

The data for the year 1963 is graphed in
Fig. 2 with >" 1 whenno rain and >" 2 when
rain. One seesstretchesof both wet and dry in
winter and summeraswasto be anticipated.

Questions of interest include: Is the seasonal,
that is annual changinge! ect?Are there changesn
the signal structure?

2.3. Sleepresearch

Mallo et al. [32] investigated the sleeg awake
behavior of a boy from the ageof " ve weeksto four
years.The procedureconsistedof recordingwaking
and sleep states via direct observation by the
mother or eventually by a maid. When carried out
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Snoqualmie Falls Rain in 1963

L

Month

Fig. 2. The rain data. Value 2 correspondsto a day with rain and 1 to a day with none.

the measurementsveredone at intervals of 10 min.
The values2 and 1 were assignedto the sleepand
awakestates respectivelyln the presentwork only
the data for the ageof " ve to six weeksare studied.
Thereare!" 2016values.Fig. 3 showsthe plot of
a segmentof the data. Once again stretches of
constancymay be noted with the child asleepand
awake for approximately equal lengths of time.
Examination of the data, for exampleby periodo-
gram analysis,showsa period of 24 h asmight have
beenanticipated.
Questionsof interestinclude:Is a simple Markov

processan acceptablemodel?Is the 24 h periodicity
changingin character?

3. Resultsof 5tting the Markov models
3.1. Themusicdata
Fig. 1 provided a segmentof somebaroque mu-

sic data. To create the data each measurewas
divided into eighttatums.In most of westernmusic

tatums are given nameswithin the measureln this
casetatums 1,3,5,and 7 are called beats1,2,3,and
4,respectivelyBeatsl and 3 are called strong beats
and beats 2 and 4 are called weak beats. The re-
maining tatums (2,4,6,and 8), the tatums between
beats, are called subdivisions of the beat. In

baroque musicit is commonto havenotesstarting
on the beat, rather than the subdivisions of the
beat. Furthermore it is usually more likely to have
a note start on a strong beat rather than a weak
beat. The terms c t),2 in the model below

are "beata explanatories inserted to handle
thesephenomena.Specf cally de' ne the indicator
variables

xa4(t)" 1 whentmod4" 1,
XEB(t)" 1 whentmod4" 3,
Xa4£t) 1 whentmod4" O or?2

with sreferring to strong, w referring to weak and
sdto subdivision of the beat. The variate valuesare
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Sleep Data
2 — — R — —— —_— R — e — —_—
14 LU U L I O B
T I I I I I I
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time in Days

Fig. 3. The sleepdata. The value 2 correspondsto the child being asleep,1 to awake.

0 otherwise.The model is now the following:

* bajk ]k(t)# Cat aﬁp)

n (0 hG 21
)1

kO
# C XaB(t)# Ca4§(a4£[)H

wherea" 1,2with h the inverseof the logit trans-
form and with J.,J.)

Fig.4is based%)n %ne data of measure®95and 96
of the pieceand provides the transition probabili-
ties as estimated by substituting the maximum-
likelihood estimates of the b, ¢ into (19). For
exampleR . (t) givesthe probability of the process
remaining in state 1 at the next time point, while

t) estimatesthe probability of moving from
state 1 to 2. The estimatesfor measures30} 95 will
bethe sameasfor measure95becausehey havethe
sameZ's associatedwith them (All Haar expan-
sions will be constant in that interval). Similarly
96} 111 will havethe sameestimatedtransitions as
96. For this reasonin Fig. 4 it is only necessaryto
show95and 96,asopposedto 80} 111.Showingthe

(19)

whole stretch would not be successfubecauseof
the substantial variation. In the plot S refersto
a strong beat and W to a weak one. The Fig.
5 providesthe waveletpart of the linear predictor.
This "gure is useful for examining the non-
stationarity of the data asin particular it includes
marginal $ 2 s.elimits about the beatlevel.In the
presentcase,as was anticipated from the context,
there is evidenceof nonstationary transition prob-
abilities. At the sametime various valuesare within,
or nearly within the $ 2 s.elimits, suggestinghat
improved estimatesmight be obtained via shrink-
age.

Fig. 6 isthe sameasthe previous" gure,but with
the shrunken estimates.The " gure has narrowed,
but stretchesremain outside the $ 2 s.e.limits.
Using the shrunken estimate and the beat factor,
estimates of the transition probabilities may be
constructed. However, the di! erence between
the maximum-likelihood estimatesof the "beata
factors, €, 1.779 c( 2 176 & 0.864, c(

I 1.041 %(4 "l Zléﬁg makes the
transition probablllty estlmates highly variable
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Fig. 4. Estimatedtransition probabilities for the musicdata usingthe data from measure®5 and 96. S refersto a strong beatand W to
a weak one.

Estimated Wavelet Linear Predictor for pii(t)

15 1
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15 | P
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05 -
00 - T
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10 4 T e it N
15 , ‘ Lo -

0 20 40 60 80 100 120
Time in measures

Fig. 5. Fitted valuesof the linear predictor, excludingthe beat explanatories for the musicdata. Marginal $ 2 s.elimits areincluded.
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Estimated Wavelet Linear Predictor for pi1(t) Using Shrinkage
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-1t0q5 -
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Fig. 6. The shrunken linear predictors, excluding the beat explanatories,for the music data and marginal $ 2 s.e.limits.

Table 1

Deviancesresulting from " tting the stationary, then the model
with beatsand then the model with wavelets(19)to the music
data

ANODEV table

Source Deviance DF
Music state 1
Stationary model 492.1 364
Adding beat 377.6 362
Wavelet model 348.4 355
Music state 2
Stationary model 697.0 658
Adding beat 664.6 656
Wavelet model 617.4 649

within each measure,as seenin Fig. 4. For this
reasonit is not practical to plot estimatesof the
transition probabilities for all measures.To ap-
preciatethe non-stationarity suggestedy the esti-
mates,plots of the linear predictor about the beat
levels are provided. Now, for example,the " tted
model can be usedto generateand listen to further
music of this type.

The overall "t of model (21)is now assessedh
two fashions:via the "nal deviancesand via the
periodograms of the residuals. Thesetwo are dis-
cussedin the appendix. The results are given for
both states1 and 2 in the analysis of deviance
(ANODEV) Table 1 andin Fig. 7,respectively.The
"nal deviancesare 348.4and 617.4with degreesof
freedom355and 649.Neither providesevidencefor
lack of "t, the former on the basisof the compatri-
son of the " nal devianceto its degreesof freedom
(DF) and the latter on the basisof the approximate
constancyof the periodogram as a function of fre-
guency.For statel the changeof deviancein mov-
ing from the stationary to the beat model is 114.5
with 2 degreesof freedom and in moving to the
waveletmodel the changeis 29.2with 7 degreesof
freedom.Consistentwith Fig. 5,onehasevidenceof
nonstationarity. Thereis correspondingevidencen
the caseof state 2. The deviancesnecessarilyde-
creaseasmore parametersare addedto the model.

The secondway overall "t is assessedn this
work is via the periodogram of the devianceresid-
uals.This statisticis sensitiveto a variety of typesof
stationary temporal dependenceand is crucial for
examining the Markov assumption. For example
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State 1 Periodogram
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Fig. 7. Periodogramsof the devianceresidualsof the wavelet" ts to the music data. Marginal approximate 95% con" dencelimits are

indicated.

lurking periodicities have an opportunity to show
themsdves. The periodograms are graphed in Fig. 7
for the two dates. The graphs include marginal ap-
proximate 95% con" dence limits. There is no strong
suggestion of remaining temparal dependence.

In summary, a model has been obtained that
may be usedto generatemusic piecesof " similara
characterto Bach's.

3.2. The Snoqualmidralls rainfall data

Markov chain analysesof hydrology data, spe-
ci"cally rainfall, were carried out in [14] for
example.Theseauthors "t "rst- and second-order
Markov models to the two-state process of
Mho rain, rainN for four sites scattered about the
world. Amongst other models,in the presentnota-
tion, they "t the model

logit(p_(©)

" aa# Jlr' [bd sin(2ol t/366} C4 cos(dl t/366)],
111 (20)

where " 4, @ 1,2 and with t in days. They
assessedhe order of the chain via the changein
deviance.

In the presentpaperthe model" t to the Snoqual-
mie Falls rainfall data, an initial stretch of which
was graphedin Fig. 2, is

L
p.(t) h + [B_{t)sin(2pl t/365.25)
O hGy B

# C_{t)cos(Dl t/365.25)]H (21)

with

B, _’“kballe KO G _’“kcaul% KO (22)
with hMNthe inverse logit transformation. This
model allows the amplitudes of the seasonakerms
to dependon time. The values," 1, ‘]1"]2" 4
and Haar waveletswere employed.

Fig. 8 showsthe transition probability estimates
for the caseof ,* 1. The estimates#uctuate in
aseasonafashionaswasto be expectedThe chan-
cesof remaining in a state are seento be high,
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Fig. 8. The wavelet-basedransition probability estimatesobtained from the model (21),(22)for the rainfall data.

around 0.7,while the chancesf changingstateare
low for both states1 and 2. This "ts with the idea
that the Northwest Coast weather shows persist-
enceon a time scale of days. There are minor
suggestionsof changesin time.

Fig. 9 provides estimates c(a(t)"

J Kt)2# & ()2 a' 1,2,of the amplitudes.There
are fo stron% suggestionsthat the amplitude is
varying with time.

Fig. 10 provides the transition probability
estimateswhen shrinkage is included. It is to be
compared with Fig. 8. The estimatesshow some
variation in shapeof the seasonale! ect. Had the
shrinker put to O all coe$ cientslessthan twice their
standard error there would have beenlittle change
from Figs. 8}10.

The deviancesobtained from " tting the model
(22) with constant Ba(t),C (t) and then the model
(23), (24) are given In Téible 2. The changesin
deviancein going betweenthe modelsare 30.8,26.6
eachwith degreesof freedom 30. Neither suggests
that bringing time variation of the presenttype into
the seasonalmodel improvesthe "t.

The periodograms of the residualsare given in
Fig. 11. Had , in model (23) neededto be bigger

than the value 1 employed, this might have shown
itself here.Neither periodogram showsevidenceof
remaining temporal dependence,i.e. of lack of
validity of the Markov model.

3.3. Thesleepdata

The following models are "t to the sleepdata,
part of which appearsin Fig. 3,

L
p )" h(% + [B_sin(2pl t/144)
: n

# C_cos(@l t/144)]H (23)
PO h@ Ii [B_(t)sin(2pl t/144)
# C_{t)cos(Dl t/144)]H (24)

with t in units of 10 min. In the latter casethe
coeb cients are representedby wavelet expansions
as in (24). The values " 1, ‘]1"]2" 6 are
employed.
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Estimated Amplitude rho1(t)
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Fig. 9. Wavelet-basedestimatesof the amplitude oa(t)" J Ba(t)z# Ca(t)20f the model (23),(24)for the rainfall data. Marginal $ 2s.e.
limits are included.

Fig. 10. The result of " tting the model (21),(22) and then applying shrinkagefor the rainfall data.
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Table 2
Deviancesresulting from "tting the constant seasonalmodel
and the model (21),(22)to the rainfall data

ANODEV table

Source Deviance DF
Rain state 1
Constant coe$ cient model 3001.6 2606
Wavelet model 2970.8 2576
Rain state 2
Constant coe$ cient model 3194.9 2862
Wavelet model 3168.3 2832

Fig. 12 provides the estimatedtransition prob-
abilities baseddirectly on the maximume-likelihood
estimatesof model (24),(26).The 24 h period of the
" tted probabilities is clear. Also it is apparentthat
the child tendsto remain asleepor awakewith high
probabilities. Fig. 13 presentsthe wavelet-based
estimatesof time-varying amplitudes of the sine
and cosine terms, o_(t)" J B_(t)2# C_(t)2 No

. a a
evidence of substantial nonsta%onanty appears.

Fig. 14 provides the results of shrinking the
estimatesowards the constantcoé$ cientestimates
after " tting the time varying amplitude model. The
resultsare of more regular appearance.

The deviancesfound are listed in Table 3. The
changesin devianceinvolved in moving from the
constant coe$ cient to the time-varying model are
24.8and 18.5,respectively,eachwith 30 degreesof
freedom. Neither provides any evidence for the
necessityof inclusion of time varying coe$ cients,
Ba’ Ca‘ Nor do the periodogramsof Fig. 15 suggest
remaining temporal dependenceor that , in
the model should be increasedfrom the value 1
employed.

4. Discussion

In the work practical experiencehasbeengained
with wavelet-basednodelsand shrinkageestimates
for Markov chain data. In particular a variety of
departuresfrom stationarity have had an oppor-
tunity to show themselves.The Markov assump-
tion is basic to the analysis. The reasonableness
of this has been con"rmed by examining the

Fig. 11. The periodogram of the devianceresidualsfor the rainfall data. Marginal approximate 95% con" denceintervals are indicated.
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Fig. 12. Wavelet-basedtransition probability estimatesobtained for the period 24 h sleepmodel.

Fig. 13. Wavelet-basedestimatesof the amplitudes,oa(t), of the period 24 componentsof the sleepdata. Marginal $ 2 s.e.limits are
included.
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Fig. 14. The resultsof " tting the model (24)to the sleepdata and then applying shrinkage.

Fig. 15. Periodogramsof the residualsof the "t of the sleepmodel. Also included are marginal approximate 95% con" dencelimits.
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Fig. 16. The results of employing the sombrero function in estimating the transition probabilities for the main data.

Fig. 17. The estimatedamplitudesfor the linear predictor when the sombrero function is employed.

periodogram of residualsappropriate to the binary marginal shrinkagehasbeenemployed.Covariates
nature of the data. wereincluded in the analyseswith no di$ culty.
The initial estimatescomputed were maximum Haar waveletswereemployed,becauseof simpli-

likelihood, but in an attempt to improve upon them city of interpretation and to search for abrupt
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Table 3
Deviancesobtained when modeling the sleepdata

ANODEV table

Source Deviance DF
Sleepstate 1
Constant coe cient model 640.4 899
Wavelet model 615.6 869
Sleepstate 2
Constant coe$ cient model 715.9 1111
Wavelet model 697.4 1081

changesWe haveexaminedthe el ectof employing
smoother families of orthonormal waveletsand of
nonorthogonal regular functions. In particular,
" guressimilar to Fig. 8 wereobtained for the rain-
fall data using the S8 (symmlet) wavelet (which
generatesa compactly supported orthonormal sys-
tem) and the Mexican hat (which generates
a nonorthogonal system)Apart from the fact that
the " guresbecomesmooth,there are no changesn
conclusions.(SeeFigs. 16 and 17.)

The examplespresentedare all for the caseof
a processwith two states,but extensionsto the
higher-order case are immediate. Extensions to
chain-type processesememberingfurther back in
time have also beenalso indicated.
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Appendix

The computations neededin the work may be
carried out via programs such as Splus or Glim,
developedfor generalizedinear modelsand in par-
ticular for the binomial case.

The estimatesof the coe$ cientsare obtained by
maximizing criterion (5) having taken the function

h()) of (19)to be

h@)" exp@)/(1# exp@)),

l.e.the inverselogit. This type of estimatefalls into
the category of the so-called generalized linear
model, seeMcCullagh and Nelder [32], Hastieand
Pregibon [25], Venables and Ripley [38]. This
model provides extensionsof many of the basic
conceptsof regressionanalysis.An important ex-
tension is of residual to devianceresidual.

In the presentsetupthere are devianceresiduals
for states1 and 2. The former is given by

- 0 X . (0)

d" 3 ngn%! r(l(t)B@)mgx—l(t%l@
y 10k (t)

X 11(t))|Og/X\1(t)(l r(11(t)) Blﬁ

Here log(0) is taken to be zero and r(l(t) is the
"tted value of the probability under the model.

State2 residualdeviancesg,, are given by a similar
formula. The " nal devianceis given by

;I' (d?# e?).
1

The useof thesequantitiesisin assessinghe " t of
the model.

There is empirical evidenceto suggestthat the
"nal deviancehas a distribution that is approxim-
ately s2 (chi-square)with 1!  p DF, wherep is the
number of parameters estimated. Further likeli-
hood ratio theory indicates that changesof devi-
ancewill be approximately s2 with DF the number
of null parametersaddedto the model.

Continuing, if the modelis " tting well the values
d.,d,,2 ,d- should be approximately indepen-
dent. The alternative is some form of temporal
dependenceAn el ective way of picking up tem-
poral dependenceis examining the periodogram.
The devianceresidual periodogram is given by the
modulus squaredFourier transforms

o l/gdtedi tF( % ';lkete“j tlz»(

In the caseof (approximate)independencethe ex-
pectedvaluesof thesewill be constantin frequency
j andthe distributions s2with 2 DF. This last may

# (X!
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be usedto setapproximate con" denceintervals in
the " gures.Examplesare given in Section 3.

The estimatesmay be computed using the func-
tion glm() from Splus.For the binomial casegim()
takes data in the form of a two column matrix in
which a 1 in the "rst column and 0O in the second
denotesa successand a 0 in the "rst column and
1 in the second denotes a failure. In the case
of estimating, say n,(t), one seesfrom Eg. (5)
that X, .(t)" 1 will be considereda successand
Xlz(t)" 1 will be considereda failure. However,
X5.)" landX 2(t)" 1 are neither a successor
af%ljﬂure. The function gim() canhandlethis type of
situation by having 0 in both columnsin the row
correspondingto time t. A problem ariseswhentoo
many such negligible rows occur. If, for example
one is using the function

t) t( t,,
1} O 1
tJ'k(t) Gl, t) t t,

and the rows corresponding to either times
t~ through tl’ or t1 through t,, are negligible,then
the correspondingcoeb cientg . Is not estimable.
Splusresolvesthis circumstanc li:)y assigningNot
Available (NA) to the estimateof b i This presents
a problem at the shrinkage step.Th the examples
presentedto resolve this problem wavelet terms
correspondingto NA estimatesare removed from
the regressionmatrix and the gim() "t reinitiated.
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