"WELL

ork,

w DN

70,
ions
68,

tist.

f MAXIMUM LIKELIHOOD ESTIMATION IN

j A LATENT VARIABLE PROBLEM
David R, Brillingerz

Department of Statistics

The University of California
Berkeley, California

Haiganoush K. Preislerz’g

Northern California Sickle Cell Center

The University of California
San Francisco, California

I. INTRODUCTION

Latent variates are random variables which cannot be
measured directly, but which play eésential roles in the des-
cription of observable quantities. They occur in a broad
range of statistical problems, a few of which will be surveyed
shortly. This paper is concerned particularly with one such
problem involving radioactive counting data. The emphasis of
the work is on developing estimates of barameters, and examin-
ing goodness of fit via '"uniform residuals'. In the problem
considered'a plot of the "uniform residuals" versus replicate
number led to a change of model,

The random effects model of analysis of variance may be

written
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y = Xa + Zu + e (1.1)
with vy, X, Z observed, o an unknown parameter, e a
random disturbance and with u a vector of random effects
(that are of specific interest, but are not directly ob-
servable). Here ﬁ >is an example of a latent variable. In-
terest often centers on the variances of its entries, the
variance components. A number of different procedures, in-
cluding maximum likelihood, have been developed for estimating
the parameters of the model (1.1) and for estimating the rea-
lized value of the latent variate u. Recent references in-
clude Harville (1977), Henderson and Henderson (1979), and
Dempster et al. (1981). A closely related model is the random
coefficient regression model, surveyed in Spj¢tvoll (1977).

Another example of a latent variable model is that of con-
trolled regression, given by

vy = h(uiia) + ey (1.2)

with the latent variables uy having known mean, Eu; = Xi
with h(-) of known functional form except for the parameter
o and with the €y random disturbances. Least square pro-
cedures have been developed for estimating «. References
include Berkson (1950) and Fedorov (1974).

There are latent variable models that have been studied
especially often in particular substantive fields. For
example, the state space model has reached a high level of
development in engineering. It may be written

¥y T oouy + e, (1.3)

!
u, = Buy_ 4 * oYXy t ey (1.4)

i=1,2,... with u; a vector-valued latent variate, with
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X. observable and with e e; random disturbances. The

yi’ i i

maximum likelihood estimation of the prarameters of the model

(1.3), in the case of Gaussian ey ei,

is considered in
Gupta and Mehra (1974). Kailath (1980) is a general reference
to properties and uses of this model.

Engineeré have been led to non-Gaussian models invoelving
latent variates in problems of optical signal estimation.
Suppose that ut denotes the value of a'(random) signal of
interest at time t. 1In a variety of phyéical situations what
one observes are the times at which photons are absorbed for
an optical field of intensity w + L Here u, cannot be
observed directly. m is the average background noise level.
Theoretically and experimentally, assuming the process of
times to be conditional Poisson seems justified. References
include Macchi and Picinbono (1972) and Snyder (1975).

The field of economics has generated interesting models
involving latent variates. The MIMIC (Multiple Indicators
and MultIple Causes) model of Joreskog and Goldberger (1975)

may be written

y =au+ e, u= Bx +-e!' (1.5)

-with u real-valued. The variables y and x are assumed

observable. Assuming replicates are available, estimates of
the parameters are developed and studied in JOéreskog and
Golberger (1975) and in Chen (1981).

An economic model of a different sort is considered in
Amemiya and Nold (1975). They consider v, 2 binary variate
(= 0 or 1) such that

Prob{y, =1|u;} = exp{axi-+ui}/(1-Fexp{axi-+ui}) (1.6)

with u; an unobservable variate having zero mean. Assuming
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independent observations on vy are available, estimates are
developed. See also Muthén (1979).

Latent variable models occur commonly in the fields of
psychology and education. The first latent variable model to
have been studied in real depth is the factor analysis model.
It may be written

y =au + e (1.7)
with y an observable vector, o a matrix of unknown factor
loadings, u the vector of unobservable common factors, and
e disturbance. Assuming that replicate observations are
available least squares and maximum likelihood (for Gaussian
variates) estimation procedures have been developed. Perti-
nent references include Lawley and Maxwell (1971) and Joreskog
(1973).

In the case that the dependent variate y is discrete,
latent structure models play an important role, arising often
in connection with ability tests. Suppose the ability of
individual i is characterized by the number uj . Suppose
individuals attempt J test questions, the jth having
difficulty characterized by the number aj' 1f yij =1 for
a correct response and = 0 otherwise, then the following model
might be considered:

Prob{yij = 1|ui] = uiaj/(l + uiuj) . (1.8)
The problem of the estimation of the parameters of this and
similar models is considered in Sanathanan and Blumenthal
(1978), Anderson (1980) and Bock and Aitkin (1981) for example
In some cases the subject's ability can be eliminated by con-

ditioning on an appropriate statistic — this is not the case

in general however.
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Estimation and testing in the latent variable problems
described above have been carried out by'(generalized) least
Squares or by maximum likelihood having assumed normality,
There have been few, if any, attempts to examine the goodness
of fit of the overall model employed. Computing "uniform
residuals", as defined below, would appear to be an effective
general means to proceed in latent variable problems,

The research reported in this paper was stimulated by a
problem (which will be described in detail in the next sec-
tion) from nuclear medicine. 1In statistical essence, one had
counts

k=1,...,K, j=41,....J i=1,...,1 that

yljk’ * i!
conditional on the values of latent variates uij could be

modelled as independent Poissons with mean 7 + o} the

1%15k%4
xijk being known. It was of interest to estimate the para-

meters 1w, p and to examine the (common) distribution of

i
the uij‘ The approach taken to the determination of estima-
tes is that of maximum likelihood. Because no simplifications
are apparent, numerical quadrature seems necessary to deter-
mine the estimates. (Earlier workers on similar problems seem
to have come to the same conclusion. We mention Bock and
Lieberman (1970), Andersen and Madsen (1977), Sanathanan and
Blumenthal,(1978), Bock and Aitkin (1981), Reid (1981), and
Hinde (1982).) Since the data set analyzed is common to
radioactive tracer experiments, and since so many such ex-
periments are carried out in practice, it seems important to
provide an analysis by means of widely available statistical
brograms. Building on the brograms of Hinde (1982), we pro-

vide a listing of a GLIM session. (GLIM is described in Baker

and Nelder (1978).).
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The detailed expressions and results are developed for
something less than the most general case, namely, for the .
situation where the vi conditional on (ul,...,ul) are
independent with probability mass function f(yilui,u) while
the uy are‘independent with probability density function
f(uilﬁ). Generalizations are apparent, the results are not
presented with needless detail. This then is the case of
contagious distributions. (A review of traditional estima-
tion procedures for contagious distributions is provided by b
Douglas (1980).) The parameter of interest 6 = (a,B) 18
seen to separate, for the case considered, into a component
appearing only in the conditional distribution of the latent
variate and into a component appearing only in the distribu-
tion of the observed variable conditional on the latent variate.

Since the latent variate u may be viewed as a variate

whose values are missing, it is clear that various of the

results developed by the Missing Information Principle
(Orchard and Woodbury (1972) and the EM method (Dempster et
al. (1977)) may be of use. Likewise because u sits as an
argument in f(ylu,a), yet is actually random, various
Bayesian results may be of use.

The approach taken in this paper is the brute force com-
putation of maximum likelihood estimates. The goodness of fit
of the model is examined through estimates of the c.d.f.
values F(yilu,B) and of the values @‘1(F(yi|u,6)). These
will have approximate uniform and Gaussian distributions, re-
spectively, when the model holds. The technique has broad

applicability.






























































































