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SUMMARY

In the subject of multivariate time series analysis, there arise
the direct analogs of problems

problems that are/studied in classical multivariate analysis. If the
series involved are stationary one is able to estimate relevant statistics
from a single realization. The purpose of this paper is to derive analogs
of principle components, factors and canonical variates that may be esti-
mated from a single realization. The distribution of the proposed estimates
is approximated. In addition an adaptive approach 1s presented that may be

used in the case of non-stationary series.
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1. INTRODUCTION
Consider a multiyariate, stationary, Gaussian time series e
{x,(t)y «us, xk(t)] with zero mean and power spectral density matrix
f(w) = Hf“(m)lb where t is either discrete or continuous. The matrix
f(w) may be thought of as the veriance-covariance matrix of a particular

set of Gaussian variates. Namely if,

Lot

x(t) = fera Z,(w) ,

is the Cramer representation of the process xi(t) then,
w

fid(w)i- E {4 zgtw) d ?.j“‘”} .



2
This result leads one to consider analyzing the series by applying
techniques developed for the analysis of a sample from a multidimensional
Gaussian distribution. |
(w) is avallable

Specifically, suppose that en estimate ? (w) of
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where ?iJ(w) is a weighted aversge of the cross~periodogram. If the
weighted average corresponds to a positive kernel the analogy with the
analysis of a multivariate Gaussian sample continues for in this case
Ilgid(w)ll may be written (in the discrete case) in the form,
1 T -t
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vhere gj is a complex-valued vector Gaussian random variable with mean
0 and variance-covariance a weighted average of f(w). (There is a similar
expression in the continuous case.) TheégJ above are dependent j = 1, ..., T;
however it will be seen later that the;zgglapproximated by QT independent
variables where Q is the bandwidth of the kernel. That is one is in
possession of an approximate sample from a multivariate Gaussian distribution.

The particular classical multivariate techniques of analysis of such
& sample to be considered in this paper include, principle components,
factor analysis and canonical variates. The results obtained from such
an analysis have applications to problems such as, the construction of
economic indices, the analysis of signals received by an array of seismic
stations, and the enquiry into the relationship between the components
of pressure and velocity in a wind field.

The distribution of the statistics proposed in this paper may be
approximated by the distributions of similar statistics derived from a
complex Gaussian sample. These latter distributions were provided recently

by James (1964).



2. FRINCIPLE COMPONENTS
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Bowley (1920) makes the following stagément, "Index numbers are
Nayie A K o) an U\\M PUTETR VN

used to méasure th change in some quantity vhich we cannot observe
directly, which we know to have a definite influence on many other
quantities which we can so observe, tending to increase all, or diminish
all, while this influence is concealed by the action of many causes
affecting the separate quantities in various ways."

Admittedly the concept of a quantity which can not be observed
directly has many philosophical pitfslls comnected with it, but still
the intent of Bowley's definition does seem reasonable. Let us not
comnence with a definition involving unobservable quantities, but instead
let us think of en index number as a time series describing in s simple
manner the complex concomitant behaviour present in a set of stationary
time series. Specifically suppose that one is dealing with time series
X (%), euey xk(t) defined for t = 0, + 1, + 2, +e» 8nd one wishes to find
functions hi(t) such that subject to a suitable normalization the series,

explains, in a variance sense, as much of the variation present in the
series [xi(t)} as is possible.

An example of a use to which such a series {(t) might be put is to
describe the comovement of the prices of a number of securities.

The following theorem presents an explicit method of calculating

index numbers as defined above.
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Theorem: Consider a multivariate, wide-sense stationary time series

[xi(t), srey xk(t)} - Consider time series {(t) of the form,

12 % hi(t - T) xi(T) .

Among all time series of this form, subject to the condition,

*
155 By (o) Kyg0) Hjw) = 1, ¥

where Hy (w) is the Fourier transform of b, (t), and the matrix IIKiJ(w)lf
is Hermitian, the series with maximum variance is the one generated by

the functions Hi(w) such that,

% {fij(w’ - Mw) K, (w)} Hd(w) =0 (2.1)

J
where A(w) is the maximum latent root satisfying (2.1).
Proof: The variance of {(t) may be written,

n

e
a2y By 24 Bjw) do

A classic result now applies to yield the result that the expression,

1Ty By(@) £;(0) Hy(w)
is‘maximised subject to the condition,
1§J Hy(w) K j(w) Hylw) = 1,
by selecting the Hi(w) as described in the theorem.
| The variance of the {(t) actually achieved by the above choice of

Hi(w) at each frequency is,

T
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The series {(t) may now be determined by constructing filters
hi(t) having the desired transfer functions Hi(w) .

~
In practice fij(w’ in (2.1) will be replaced by an estimate fij(“"

Reasonable choices for Kij(”) to use in practice would appear to be,

Kyjlw) = By 4 £y, (w) \ (2.3)

where 513 = 1 1f 1 = J and 0 otherwise.

(2.2) appears to be applicable if the series may reasonebly be
thought of as being in the same scale, while (2.3) appears useful if it
is desired to eliminate some of the effects of scale and is equivalent

to carrying out the analysis on the matrix of coherencies.

The equation (2.1) will have k roots. At this point we have only
made use of the largest of these at each frequency; however as in the
classical situatign the remaining roots may well be most useful. They
explain in s égi;;ig;:;n sense the variation remaining in the series after
the component {(t) has been removed, the second largest root explaining
the largest possible amount of the remaining variation and go on.

One may consequently comstruct a sequence of series gl(t), ceey ;k(t)
uncorrelated with one another, explaining the movement of the complex
of time series [x‘(t), aeey xk(t)} to various degrees.

The existence of the series ge(t), veey gk(t) leads one to a position
that many constructors of indices do not appear to have adopted, that is,

in many situations it may well be meaningful to quote a number of indices,



The first index typically providing a form of aversge of the series involved,
the second a form of average of the deviations from the first index and so on.
The index arrived at in this section if evaluated for a number of econ-
omic time series differs from the sort of index arrived at by Rhodes (1937) X
and by Stone (1947) in that it makes use of all the observed values of the
series as more than weights. To make this contrast more apparent, Rhodes
and Stone would arrive at the same index no matter what the time order of
the basic data they use.
If one is considering any form of projection, making use of the order

of the observations does appear essential.
3+ REDUCTION

One way of viewing the construction of indices is to view it as the
reduction of a number of series to fewer series with as 1little s loss of
information as is possible. Let us quantize this viewpoint as follows;
consider the time series {x, (%), ..o, xk(t)). By means of linear time
invariant operations reduce these k series to 2 series, that is form

¥y =§§hi.j(t"”xi‘” J= 1, eeey 8.

Now by means of linear operations on the £ series yJ(t) return to k

series

! = - = XX .
%y (%) -‘i E gij(t T) YJ(T) i=1, » k

What are the functions hij

as possible is lost by these operations? Interpreting the loss of information

(t), giJ(t) such that as little information

&5 a mean-squared error, this question may be answered as follows; the mean=-



squared error of x'(t) - x(t) is,

trace {var-covar matrix of xi(t) - xi(t)] .
This may be written as,
[ trace (I - Glw) H(w)) flw) (I - G(w) H(w))* dw (3.1)

where f(w) denotes the spectral matrix of the series and G(w), H(w) denote
the matrices of the Fourier transforms of gij(t)’ hij(t)' IisakXk
identity matrix.

The essential point in the problem of minimizing (3.1) is to note
that the matrix product G(w) H(w) is of rank 2 .

Consider the problem of minimizing

trace (I - M)T R(I - M)
where M 1s a matrix of rank £ and size k X k, R 1s k X k and positive

definite. This problem is equivalent to the problgﬁ\of minimizing,

trace (R% - RéM)T (R% - Réﬂ),

or of minimizing
trace (R% - N)T (R% - N),

where N is of rank 2.

The matrix N providing the required minimum is given by,

LR

(see Eckart and Young (1936)) where We is an £ X k matrix having as its 2
rows, the £ rows of the eigenvector matrix of R corresponding to the
largest 4 eigénvecfors.

This result remains true if R is a complex hermitian matrix and in

terms of (3.1), one 1s led to the calculation of the eigenvalues and



elgenvectors of the spectral matrix once again.

Elementary manipulations indicate H = We and G = R% wg, R = f(w),
as possible choices of H(w) and G(w).

Making use of H(w) one can consequently construct £ series yj(t),
linearly related to the original series xi(t), that in the sense of
being able to rederive the original series xi(t) back from them, contain
as much of the information as is possible. The series yj(t) are seen to
correspond to the principle components of Section 2.

However something more has been added at this stage. One has been

led to think of xi(t) as beilng of the structure

Xy (%) =~ % § 313“" - T) yj('r) .

This structure leads one into the very specific factor analysis model

of the next section.

4. FACTOR ANALYSIS

Suppose that k seismometers have been set up in an array of k seismic
stations. Let xi(t) denote the output of the seismometer at the ith
station at time t. Suppose that some sort of seismic event has taken
place. The output xi(t) then has the form,

xi(t) = Si(t) + ni(t) i = l, sy k

where si(t) is the component of the output attributable to the seismic
event and ni(t) is the undesired, but ever present noise. If it is
assumed that the earth in the region containing the k stations behaves

like a linear filter. The signals si(t) are then related to the "true"






