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CONFIDENCE INTERVALS FOR THE CROSSCOVARIANCE FUNCTION

DAVID R. BRILLINGER

The University of California, Berkeley

1. Introduction. Given a stretch Axwan_.xw.nv_. t=0,1,...,
T-1 , of a stationary bivariate time series, the sample

crosscovariance function

clyw = 17t ) Axin:: - o.w T&S - o& (1.1)

0<t, t+u<T-1

with
-1
cf = ¢t I

. (1.2)
3 o xuanv

j=1,2 is a useful statistic to employ in looking for associa-
tion between the component series xw and xm .  The exact
sampling distribution of the statistic (1.1) is complicated
even in simple particular cases. However its distribution

has been shown to be asymptotically normal and large sample
expressions have been given for its variance, Bartlett (1966),
Hannan (1970), Anderson (1971), Brillinger (1975). For example
in terms of the second and fourth order spectra of the series

(X,.%,)

T -1 2n 2m
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the key variate of (1.1) is for given u, essentially, the mean

In the particular case that the series xp and xw are of the stationary series xHAn+:.x~An~, t=0,41,... . Methods

i i ies of independent variates . . R
independent and that one is a seri P! ‘ are available for basing confidence intervals on such means.

(white noise), expression (1.3) simplifies to
To proceed, it is now necessary to set down some

- tation. Given a J vector-valued stationary series
Tl var x,(t) ) (var x,(t)) (1.4) general no
:J?T..lxu?:. t=0,+1,... define
a result that is often made use of in practice. 1In this
connection Haugh (1976) investigates the effect of approximately oww...uxgcw_....:xluv = cum A&ww.n+:~v‘...~xu71~.n+cxlwv.
Lransforming the series Xy and X, to white noise and then X
3 ?@ (1.6)
estimating the crosscovariance function. In the case that the . k
series mxw.xwu is Gaussian, the fourth order spectrum mHNHN for uh~....%w =1,...,d and k=1,2,... in the manner of
is identically 0 and expression (1.3) simplifies somewhat. Brillinger (1975). In particular one has
Here Robinson (1977) has shown that a consistent estimate of
c., = E X.(t)

the variance results from the insertion into (1.3) of consis- 3 ] .7
tent estimates of the spectra that appear. nwW.:v = qo<~wan+:v.xxanvv

The present paper indicates a direct procedure for

i " . : § =14...,J . 1In order to obtain the asymptotic dis-
constructing approximate confidence intervals for the cross- for 3,k ‘ ¢ P

i : . . . tribution of the statistic under investigation, the following
covariance function, meacv~ of a general bivariate station-

; . ; ) . . mixing condition will be set down.
ary time series Qp.xmv - By taking the series X, identical 9

with the series X, the procedure leads to the construction Assumption 1. The series AxﬂAﬂv.....xQnﬂ.w ) €=0,#1,... is
of intervals for the autocovariance function c;p{w . The stationary and such that
procedure is based upon the cbservation that
L ... L Jc. C{uy el ) <w (1.9)
Fy.-.1 1 k-1
1 uy Uy 1 k
T I X (t+u) X, (t) (1.5)

0<t, t+u<r-1
- for uw.....ux =1,...,J and k=2,3,... .
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The vector version of Theorem 2.9.1 of Brillinger

(1975) now indicates that for given u, the series

Xylt) = X (trudX,(€) 1.9)

t=0,+},... satisfies Assumption 1 when the series ~x-xmv

does. It has mean
¢y = E xugnv = OHNA:- (1.10)

when €, or ¢, = 0 . The problem of constructing a confidence
interval for 0-A=v is seen to be directly related to the
problem of constructing a confidence interval for the mean of

a stationary series.

Further parameters that will be required include the
second order spectra

Eed) = 21y L 5 expl-iru} ¢

u

uxAcv (1.11)

for -—odi<w |

2. Confidence Intervals for a Mean. Given a series xuawv~
t=0,+1,... satisfying Assumption 1, it follows from fheorem

4.4.1 of Brillinger (1975) that the sample mean

T -1 .H.WH

et o= X, (t) (2.1)
3 t=0 3

is asymptotically normal with mean C, and variance
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-1

v towg, . (0) (2.2)

33

as ‘T»» . Approximate confidence intervals for ¢, may

therefore be constructed once an estimate of muuao. is
available.

A variety of estimates of power spectra are available,
see for example, Chapter S5 of Brillinger (1975), and the parti-
cular one employed in a given situation depends on the details
of the situation. To proceed in a concrete fashion, suppose

that the estimate constructed is

L
£1,00) = A S 2 Tmmw (2.3)

where
-1 Tt 2
.oy = @it L x,(6) expt-irt) |© . (2.3)
33 teo 2
It follows from Theorems 4.4.1 and 5.4.3 of Brillinger (1975)

‘that meAc. is asymptotically distributed as

2 2.5
R /20 (2.5)

independently of QM , as Tre» with L fixed. The asymptotic

distribution of the variate

(c5 - nt\\e;wiwte (2.6)

|
|




DAVID R. BRILLINGER

is therefore Student's t with 2L degrees of .freedom and

an approximate 1008% confidence interval for c, is provided

by

(o]

where for Student's t on 2L degrees of freedom
Prob{t < t, (V)} = v .

In practice one will take L as large as one feels one can,
consistent with muuAyv essentially constant on 0<\<2¥L/T.

If one takes L =T in (2.3), then

T\ 2
3

T 1 T-1
£1,(0) = (2n7) I o{x,(v) - ¢
33 = 3
t=0
and expression (2.6) is essentially the usual t pivotal

quantity employed in constructing a confidence interval for

the mean of a normal sample.

[t is worth mentioning that Grenander (1950) showed,
provided muu.c. # o, the simple mean {2.1) to be an asympto-
tically efficient estimate of Cy within the class of linear
unbiased estimates. Hence, nothing is to be gained asymptoti-
cally, by differential weighting of the individual observations.

in the case that T, the number of data points available, is

highly composite a fast Fourier transform algorithm might be

T _ 1+8) /=1 T T TJ = T
3 nmrA|M|v T ~=muuﬂcv <oy <oyt ton m|MI T T2%E4,5(0) (2.7)
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profitably employed in the computation of (2.3), (2.4) and the

choice of L , Markel (1971).

In the case that mﬂn-. t =0,+1,... 1is a vector-

valued series satisfying Assumption 1 with mean ¢ and spec-

tral density matrix £(}), the sample mean
T-1
' o= PR X(t) (2.8)

t=0

is asymptotically normal with mean ¢ and covariance e|pw=m.c-

as T»o , see Theorem 4.4.1 in Brillinger (1975) . Consider
now the problem of setting confidence limits for some function,

g(c), of the mean ¢ . Suppose that g has vector of first

derivatives, Yo r at ¢ continuous in a neighborhood of <c .

it follows from Mann and Wald (1943) that

3ch = glc) +

T ..u.\wv

umAm -c) + OﬁAe (2.9)

and that g(c') is asymptotically normal with mean g{(c) and

variance

rlamyieoy, . (2.10)

Approximate confidence intervals for gl(c) may hence be based

on the quantity

Amﬂmev - camv_\\ (2.11)

2y £ gom, v
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where the depominator here involves an estimate of the variance
(2.10). In practice this estimate may be formed by first
evaluating the estimate merv of the matrix €£(0) and then

the quadratic form. Alternatively the real-valued series

.
xu:‘; = «mn. w:c (2.12)
might first be formed and then the statistic (2.3) constructed.
This remark follows from the observation based on (2.9) that

QAOéV is approximately linear in a mean.

3. The Case of Interest. To begin, suppose that either mean

¢y or ¢, is 0, then under Assumption 1

hY
T -1 T T
ey lw T ¥ Axi?é; - nwv mAN.E ~ nww

oMn.n+=Ai|~

i

o Tl
T nmc xpan.c.xuhe, + owAa

an\wv

i

as T+, It follows that the asymptotic distribution of

aﬂwﬂcv is the same as that of the sample mean of the series

xu.ﬁv = xwaﬁ+=vxmAnv , t=0,+1,... for given u. The discussion

of the preceding section now suggests employing the pivotal

quantity

Ao%msz - o_NAcﬁv \0\e|-=mwu.cv (3.1)
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with nWon_ given by (2.3) and suggests approximating the
distribution of (3.1) by Student's t with 2L degrees of

freedom.

It is interesting to note that the term within |-}
of expression (1.3) is muuAcv for the series quﬁ_ = x~Aﬁ+:7
xw.ﬂv here. 1t is also worth remarking that following
Grenander's result mentioned in the previous section, no
asymptotic gain will result here from a differential weighting
of the terms xw~n+cvxw.n_ used in forming the estimate of

OPM.:V.

In the case of interest where Cyr Cy # 0 , the series

xu will be defined by

) T
Xy(8) = Axpﬁ¢5 - ¢ m&.: -owv (3.2)

T

and the estimate muw.ﬁv pased on its values. Under Assumption

1, this change will have no asymptotic effect.

In summary, an approximate 1008% confidence interval

for the parameter o-A=v is provided by

T _ L+ -1, T . T 1+
P nwr_thH\ T T2E55(0) < epylw) <oy, lu) nwrM|mmu

-1

u:me

T uquv (3.3)

T

where muu.c- is given by (2.3) and (3.2).
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The interval (3.3) is also appropriate for the auto-

covariance OFHAQV of a single series. This case simply

corresponds Lo the previous case with the series X, identical

to the series xw.

4. MAlternate Statistics. Statistics other than the sample

crosscovariance function are also in common use to examine

two stationary time series for mutual independence. The one

in greatest use is perhaps the sample crosscorrelation function

T _T T T
£y, (u = ozr_u\}_p::oww:: (4.1)

estimating the crosscorrelation function HHNAGV = o-A:.\
<1 0 Cyo 0) . This last parameter takes on values in the
interval [-1,1) and is 0 if the series are independent.

pefining the series

X 00 = Ax {t+u) v mﬂ (v) - ow.v
_ _om\ 2
Xg (£) = A (t) ob (4.2)

L ~ 2
Xm.::v = NA: ON

t=0,+1,... the variate HMMACV is seen to be essentially a

function of sample means
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T (u
12
T T _
=y \ / €5% * Ta oL \.\ C5Cq ~ ﬁ.Tm o.L \
AMOm /€cCe u
- T _ Y -1/2
Cy Tm oL \ Tom\ omcLT optT )
(4.3)
in the manner of expression (2.9) . Following the discussion

at the end of Section 2, an approximate 1008% confidence

interval is provided by

T : T 1+8
nuwﬁcv - n A v\\\! ~=m quv < nnm. u} < nqucv + nwwﬁudﬂg

T
m:muuac_ (4.4)
T N .
where muwﬂav is given by (2.3) and
T T T
xugﬁv = nwmgcv xaAnv\o-::xxmﬁnv\gwo-Acvv - x AHV\ANQ onv
in terms of the series of (4.2) . 1In practice on occasion it

will prove simpler to estimate the povwer and cross spectra

(4.5)

of the series of (4.2) and then to evaluate the guadratic Fform

of (2.11).
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A further means of examining a pair of stationary
time series for some mutual association is based on the

coherence function

IR, 0012 = 15,00 [2/18) M £, 00 ). (4.6)

This parameter takes on values in the interval (0,1} and
vanishes when the series xH and xw are statistically

independent. It may be estimated by a statistic of the form

T 2 _ T 2,,,T T
IRT, 00 1% = [E], 00 1%/1e7, 0 €y, () 4.7)

T
mu;n

where (A) 1is an estimate of muXAyv. Provided T is
reasonably large such estimates generally prove useful.
Approximations are available for the distributions and for
setting confidence limits, see Chapter 8 in Brillinger {1975).
The computations required here are noticeably less then those
in the cases of OMwnzu and HMNA:- ; however the latter

statistics are undoubtedly most useful in cases where T is

not overly large.

5. Concluding Remarks. ‘the asymptotic results made use of in
this paper, were derived under the assumption that the series
under consideration satisfied the mixing Assumption T. 1In
fact, the results might have been derived under a number of
other mixing assumptions. For example, :m::w:.Aqumv demon-~
strates that the sample autocovariance function is asymptotica-

ally normal under an alternate such condition.
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The multiplier GVM was employed in the definition

of the estimate OMNA:V in expression (1.1) . In some

-1 :
circumstances one chooses to employ (T-{ul) ~. This change
has little effect for |u} of moderate size relative to T.

In the other cases one might choose to replace T by T-|u|

in expression (3.3).

The asymptotic variance (1.3) is not generally constant
as a function of u. In practice it is an advantage to have
it approximately constant if one is computing the statistic
for a number of lags u. This will occur if the spectra mwm.

m~w- are approximately constant. Hence, it will generally

be advantageous to prewhiten the relationship between the series
where possible. For example, in some circumstances it might be
acceptable to form the sample cross covariance function of the
series x~ with the residuals of a regression of the series
xw on a number of lagged values of the series xﬂ.
The distribution of the statistic (1.1) was considered
in this paper for the case of ﬁxw~x- a bivariate stationary
series. On occasion its distribution is of interest for the
case of xw a stationary series, but xm a fixed sequence.
Hannan (1973) and Brillinger (1975), Sections 5.11, 6.12
consider this situation for the case of the series xw satis—

fying a generalized harmonic analysis condition.
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