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Kakutani’s Theorem (1948).

po = law of i.i.d. fair coin tosses {Xn}ol -
[ +1 with prob. %
Xn ~/ <
| —1 with prob. 5
vp = law of independent coin tosses {X,}>2

with biases {0n}>2 ;-

(11 with prob. It bn
Xn Y <

| —1 with prob. 1-bn

(i) XoLq 07 =00 = v L po.

(i) 322,07 < 0o == vy < pg and pg <K vp.



The Model.
First analyzed by Harris and Keane (1997).

e Coins are {—1,1}-valued r.v.s.
fair coin: Prob(+1)

= N

0

coin with bias §: Prob(+1) = 13

e Suppose {I,} is a recurrent, countable state
Markov chain started at 'g = o.

e \When [,, = 0, a 6-biased coin is tossed.
e When [, # o, a fair coin is tossed.

e [ he observer only sees the results of the
tosses {Xn}oly. The law of {Xn} is ug.

An =17 —,1 Is a renewal sequence.
Any renewal sequence can be represented this
way.



Question:

When can a sample from puy be distinguished
from i.i.d. fair coins ~ ug?

Standard 0-1 Laws imply

po L 1o

or

po <K o and po < pg -

SO we can rewrite our question:
When is ug L ug?

Related models analyzed by Benjamini and
Kesten(1996) and Howard(1996).



Theorem (Harris and Keane (1997))

(i) X0 up =00 = pg L po.

(i) 32021 ug = |[uf|* < oo
— u9<<uof0r9<ﬁ.

Harris and Keane conjectured that

®.0)
> up < oo = g < po,

n=0
and in particular that for 6 = 0, the value of 6
plays no role in deciding whether ug L pug.



Theorem 1 If up, < n=7 for 1/2 < vy < 1 and
w1 IS large, then

. Y
(i) 6>2-—1 = py L po.

(ii) The bias 6 can be recovered from data if
it is large enough: 4 g so that

27
0>——1 = 0= g(X) ug — a.s.
Ui

Remark. There exist such {u,}. For instance,

if I, is the “"Fishbone” depicted below, then

un = P[Mn = o] < n—3/4.




Definition: There is a phase transition in 6
when

6. € (0,1) so that

0 <l — o <K< 1o
(9>(9(: = ,LLQJ_,LL().

s = (X2°L,u2)~1/2 is the critical parameter
for ug to have a square-integrable density with
respect to up.

asymptotics of u, | critical parameters
uan_l/Q 0=2606; =60,

un xn”Y, F<y<1]0<<0c<upt2r -1
uan_l O<(93§(9c:;1
un:O(nlogllogn> 0<bs<0c=1

Sometimes 6s < 0..




Harris and Keane asked if it is possible to re-
construct § when Y u2 = oo.

We prove

Theorem 2 If Y, u2 = oo, then

dh with 0 = h(X) pg —a.s. V0.

Under a further hypothesis, this was obtained
independently by Klaasen.



Proof of Harris and Keane (ii):

0. @)
w2 < oo and 6 small = ug < po.

n=0

Let {Al} be an independent copy of {A,}, and

0. @)
J= )Y AnAj.
n=0
J, the number of joint renewals, is geometric
with mean Y u2.



pu@) = [ T] A+ 0, 8)dP(A).
{0,130 #=0

By Fubini, [ pa(a)duo(x)
{_171}00

= // ﬁ (14022, AL)AP(A)dP(A)
k=0

oo

< Y (146%)YP[J =]
j=1

< §(1+«92)jP[J>1]j_1
j=1

< o0,

provided that

1
1+ 62 — 2
0T < sy T 2t




Proof Ideas for Theorem 1 (i):
Assumption: up ~n~7 for some 1/2 <y <1

R,, = length of run of ‘4+1’s starting at n

Weak form of Erd6s and Rényi: For i.i.d. un-
biased sequences,

lim sup
n l0ogo n

We show that for sequences under ug:

=1 ug—a.s.

imsup——— =R(0) >1 pug— a.s.

n l0ogo n

provided 6 > % —

Note that R(#) is constant ug-a.s. for each 6.
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3 around Y7, k=7 < nl™7 renewals before n.

Each starts run of renewals of length k£ with
probability u¥.

= about

p1=7 [ull +9]k (1)

runs of “41"s of length k£ before time n.

The log-> of (1) is positive when

11—~
k< log>n = ¢(f)logon .
|092(u11+9)
When the hypothesis 6 > % — 1 is satisfied,
c(8) > 1. O

This is not how longest runs arise. They come
from long intervals with high density of re-
newals.
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Reconstruction of § when u, <xn="
(Recall 3 < v < 1):

We show that

Rn

R(9) :=limsup
n—oo |0gon

IS a strictly monotone function of 6 for large 6.
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Reconstruction when »°° , u2 = oo:
Natural linear estimators:

_ 2i=1 Wi

2i=1 ”“'zz |
Note: T, is Minimum Variance Unbiased Esti-
mator in i.i.d. case.

T :

o ExT,, = 0 and Varg(7y) — O

o EyT,, = 0 and Vary(Tn) < B for B not de-
pending on n.

e T, is bounded sequence in L%(ug) = Tx
has a L2-weakly convergent subsequence.

e L2 limit T is a tail function = T =6 a.s.
e J convex combination of T}, that tend in L2

and a.s. to 6.
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Comments:

e Argument only works for fixed 6. (Subse-
gquence may depend on 6.)

e We find an explicit combination of linear
estimators on disjoint segments that works
simultaneously for all 6.
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Connection to Percolation.

e Assume transitive Markov chain I .

e Form bonds between m, ¢ € Z7T iff

Fm =Ty, but [j # Cmfor m < j < £

e AsSsign a coin with bias 6 to cluster of O,
fair coin to all other clusters.

e Observer does not see bonds, must deter-
mine if 8 = 0.

e Example of a 1-dimensional, long-range,
dependent percolation model with phase
transition (c.f. M. Aizenman, J.T. Chayes,
L. Chayes, and C.M. Newman (1988)).
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Almost transient case.

We prove that

1
Unp = O = < :
" (n log l0g n) al HO

Note: Delays will not make ug L uo.

Recall J = Y00, AgnAj,, where A’ is an inde-
pendent copy of A.

Proof uses

Elr’ | A] < 00 = pg < po
for r = (1 4+ 62).
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Open Problems

1. When u, < * for n > 1, for which 7 is
E[r’/ | A] < o007 (2)

(2) would imply puy < pg for r = 1 4 62.
We conjecture that (2) holds for all r.

2. Does E[(1 4+ 62)7 | A] = 0o imply that
po L 1o?

3. Does 1o 1L po imply that 1o 1L 165 for all
0o £ 017

4. When 6. € (0,1), is 1o, L pup?
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